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This book is one of a series which covers the work required for the 
semester units of the Syllabus in Mathematics, approved by the Queens- 
land Board of Secondary School Studies. 


The aims of this unit are those set out in the Introduction to the 
Syllabus. In particular, the objectives of Semester Unit II, Algebra and 
Calculus One are the understanding of the basic concepts of Calculus, 
the manipulation of the symbols used to express these concepts, and the 
application of these concepts to practical situations 


Practical applications such as measuring instantaneous rates of 
change in both geometrical and physical situations, or investigating 
maximum or minimum values, are used to introduce these basic 
concepts. These applications may well supply the motivation, but an 
understanding of concepts such as limit, continuity, and derivative ts 
necessary if the student is to grasp the significance of what he is doing in 
evaluating derivatives of all types of function. These concepts are 
developed as far as formal definitions, but the depth of treatment will 
depend on the maturity of the student. In particular an awareness of 
continuity and limit could be obtained through graphical illustrations 
and an intuitive approach without a thorough knowledge of a formal 
definition. 


The domain of the trigonometric functions is not discussed in detail. 
Many students will have considered in Preparatory Mathematics 
functions of angles, and functions of real numbers, linking them through 
the radian measure of angles. 


This unit is concerned largely with the differential calculus, 
although the idea of integration is investigated by finding primitive 
functions, and applied to find areas. For students who will not take the 
study of Calculus any further at secondary school, definitions and 
symbols used for the integral calculus could be discussed in this context. 


The basic principles in all sections of the course are fully explained 
in order to help the student to achieve a sound understanding of his 
subject. There are sufficient Exercises to enable the student to con- 
solidate his knowledge and at the end of each Section there ts a 
Revision Exercise which reviews the work of that Section. Some questions 
are open-ended, and it is intended that they set the student on a line of 
thought which will enable him to apply known facts and principles, to 
test hypotheses and obtain new facts, or to suggest new problems. 


In addition to the Section Revision Exercises there are two 
General Revision Exercises. Most of the questions in these Exercises 
test basic understanding and essential skills in the particular Section 
just completed, or in the Sections studied to that stage. 
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SECTION 1. 
PROGRESSIONS, BINOMIAL EXPANSION 


§1-1. Sequences. | 
Consider the sets of numbers: 
(a) 1, 2,3, 4,.. 
(b) 27, 4°, 67, 87,.. 
If the elements in the sets continue as suggested by the first four 


terms, we can write down further terms. For example, the next 3 terms 
appear to be 5, 6, 7 and 107, 127, 14°, respectively. 


In set (a) it is easy to see that the 8 term is 8, the 10’ term 10, and 
the n* term 17. 


In set (b), term 1 = 2? = (2)? 
term 2 = 4? = (2.2)? 
term 3 = 6? = (2.3)? 
term 4 = 82 = (2.4)? 
and, in general, term n — (2n)?. 


A set of numbers, each element of which is formed according to some 
law, is called a sequence. The laws in sequences (a) and (b) are that 
the n terms equal n and (27)?, respectively. : 7 


If the law is given, the terms of the sequence may be written down. 
For example, the first three terms of the sequence whose n' term is 
2n + 1 are 38, 5, 7: | 


Since term ”» = 2n + 1, 
term 1 = 2.1 + 1 = 3, 
term 2 = 2.2 + 1 = 5, 
term 3 = 2.3 + 1 = 7. 


Denote the n term by the symbol T,. By giving n the values 
1, 2, 3, ... in succession, we have: T, denotes the first term, T, denotes 
the second term, and so on. This notation enables the relationship 
between any term and its place to be stated concisely. 


Thus, in the example above, we may write: 
T, — 2n + 1, where n is a positive integer.* 


By putting 2 = 1, 2, 3, ... in succession, we obtain: 
T, = 21-+ 1 = 3, 
T. = 2.2 + 1 = 5, and so on, as before. 


Other symbols used to denote the m'* term are, Una, Un, On, Da. 


*In future we shall assume that # is an element of the infinite set of positive integers, unless other- 


wise stated. 
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It follows that if T, say, denotes the n‘* term for all values of 7, then, 
in the same sequence, T, denotes the p* term, T., denotes the (2n)* term, 
T,-1 denotes the (m—1)** term, and so on. 


A sequence may also be defined by 
| (i) Specifying the first term in the sequence, and then 


(ii) giving a relationship between each term and the succeeding 
term. 


This is called an tnductive definition. 


For example, the statements: 


T, = 3, and T,4,1= 27, define a sequence for all integral values 
n 1. | 


W 


The terms of the sequence are found by giving n the values 
1, 2, 3, ... in succession. Thus, | 


putting ~ = 1, T, = 2.T,; = 2.3 = 6, 
putting n = 2, T; = 2.T. = 2.6 = 12, 
putting n = 3, Ty, = 2.T3; = 2.12 — 24, and so on. 


Hence the first four terms in the sequence are 3, 6, 12, 24. 


Exercise 1. 


1. Write down the first 4 terms of the sequences in which the n™ terms 


are :— 
a san 7 (iv) =. (vi) 3 — 2n. 
(iii) n?. (v) 2n — 1. (vii) n(m + 1). 


2. Write down the first 4 terms of the sequence defined by 


1 oe Ne | 1 
Me a : - (iv) v, = log (1 + male 
ll) @, = 3°33 
(iii) uy — 3.22; (v) dy = (4)™. 


3. Find the (2n — 1)'* term of the sequence defined by n, — 2n — 1. 


In questions 4—i1, write down the first four terms of each 


sequence. 

4. Ty = 1, T,41 = Ti + 3. 8. a; = 1, Qn41 = (Q,)? + £1. 
5. T, = —1, T,11 = T, + 2. 9. dg, = 1, 4,41 = (—1)".Q,. 
6 T, = 2,T,1:1 — T, — 2. 10. Uy = —1, Way. = BUy + 1. 
7. Uy = 1, U,41 = 2u,. 11. Uy = 2, Vn41 = 20, + 1. 
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§1-2. Arithmetic Progression. 


A sequence in which the difference between any term and the next 
succeeding term is constant is called an Arithmetic Progression (A.P.). 


The difference so obtained is called the common difference. 


Notation. : 
It is usual to denote the first term of an A.P. by a and the common 
difference by d. Then the A.P. is: 


| a,a+t+d,a--t 2d,... 
Using an inductive definition we write 
T, = @, To+1 = T, + @ for all integral values of n > 1. 


From the form of successive terms we conclude that 
the n* term is a + (n — 1)d. 


We can use the method of mathematical induction to prove this formula. 


Assume that the formula is true for the value k, 
ie., T, = @-+ (k — 1)d 


Now from the definition of the A.P. we find T.r+1. 
Teri = T, + d 
—-at(k—1)d+d 
= a-t kd. 
So we can write Tk+1—a 4+ (k + 1) — 1 d, and this is just 
the formula for the nv’? term with k -+ 1 substituted for n. 


Hence we can say that if the formula T, = a + (n — 1)d gives us 
the 4 term correctly, then it also gives us the (k -++ 1)” term correctly. 


But consider T,;. By the formula T,; = a + (1 — 1)d = a@ and 
this zs true. 


Hence the formula is true for » — 1. Therefore it is true for 
nm = 2 (i.e., Ti41 ). Thus it is true for nm — 3 (ie. T2411), and so on; 
that it, the formula is correct for every positive integer 7, 


Hence T, = a + (n — 1)d, where T,. is the n‘* term. 
Example 1.—Find the common difference and the fourth term of the 
A.P. in which the second term is 13 and the sixth term is 45. 


If the AP. is a,a-+d,a-+ 2d,... | 3 
T.=—-a+d == 13 ..- (i) 


‘ 


Te = a-+ 5d = 45 | ... (ii) 
From (i) and (ii), 4d 32 
d = 8 | 
and a 5 by substitution for d. 


T, = a-+ 8d = 5 + 24 = 29. 
Thus the common difference is 8 and the 4** term is 29. 
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§1-3. Arithmetic Means. 


If three numbers are in A.P., the middle term is called the arithmetic 
mean of the other two terms. 


The arithmetic mean between any two given numbers a and b can 
be found as follows: 


Denote the arithmetic mean by A. Then a, A, D are in A.P. 
The common difference = A —a = JO — A. 


2A =—a- JB, 


and A = een 


Note that the arithmetic mean is the average of the two given numbers. 


Example 2.—Find the arithmetic mean of 7 and 18. 
Suppose the mean is &. 
Then 7, x, 18 is an A.P. 


ec— 7 = 138 — x = common difference 


x = 4(13 + 7) 
wma’ 10. 


Example 3.—Insert 4 numbers between 9 and 13 so that the resulting 
sequence is an A.P. 


Suppose the A.P. is a, a + d,a-+ 2d,... 


Then there are altogether 6 terms, such that 


T; = a= 9, 

Te = a+ 5d = 13. 
5d = 4 

d= % 


The required numbers are 9%, 10%, 11%, 12%. 


This process is called inserting 4 arithmetic means between 9 and 13 


Exercise 2. 


Find the n'* term of each of the following sequences in A.P.:— 
Dees ig Adee A Digests 5. 2, 34, 44, ... 
2, —a, 1, 4, ... 4, 0, —4, ... 


6 
EDR SO, eke: 7. @, 3a, 5a, ... 
8 


4. 8, 4, —L1,.... . a+ b,a — b, a — 3b, 
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Find the common difference and the named term of each of the 
following A.P.’s:— 


9. 7 term if 4% term = 11, 9” term = 26. _ 
10. 8” term if 6 term — 104, 10 term — 16}. 


11. 13° term if 4 term =— 13, 9'* term = 3. 
12. 4 term if 6% term — 0, 11 term = 1. 
13. 3¢ term if 5 term =— 7x, 13°" term = 112%. 


14. 2°¢ term if 1* term — a, 8’? term = Db. 


Find the common difference of the A.P. in which:— 


15. T, = bn — 2. 16. T, = 6 — =. 
Find the arithmetic means~of:— 
17. 7 and 10. 19. —3 and 4. 21. a + 6b and a — Bb. 
18. 3h and 8 | 20..10 and —2. 
22. Insert 5 arithmetic means between: 
(i) 10 and 28; (ii) 4 and —20. 
23. Insert 3 arithmetic means between: 
(i) 34 and 64; (ii) 8% and 32. 
Find the number of terms in the following sequences in A.P.: 
24. 13, 20, 27, ... 76. 26. 7, —2, —11, ... —92. 
25. 4, 3, 54, ... 23. 27. 5a, 24a, 0, ... —15a. 


28. Find « if 2% + 7, 4”, 28 — & are in A.P. 
Find the common difference and the 5 term in the following 


sequences: 
205 0 eee OTs, eee TE Se 31k. Ty as Tay ee Ty Ee: 
30. T, = 3; T,41 = T, + 2. 32. T,; = a; T,41 = T, + BD. 


§1-4. Arithmetic Series. 


If the terms of a sequence are connected by the sign -+, the expres- 
sion is called a series. 


An expression whose terms are in arithmetic progression is called 
an arithmetic series. 


For example, . 
11 + 15 + 19 + 23 + 27 is an Arithmetic Series 
because 11, 15, 19, 23, 27 are in A.P. 


We can find an expression for the sum of the first n terms in an 
A.P. as follows: 
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Let 1 denote T,, the n™ term of the A.P. a,a + d,a-+ 2d, ..., and 
S,the sum of n terms. 


S, = a+ (a+ d) + (a+ 2d) +...+4+ (J— 2d) + (I— ad) + 1, 
also S, =I-+ (J— d) + (I— 24) +... 4 (a + 24) + (a +d) 44. 
(Writing the terms in reverse order) 
Adding, 28, = (a+ 1) + (a+1) 4+ (a+ 1) +... ton terms. 
’.. 28, = n.(a + 1) 


S) 2h = oe @ 


Since l = T, =~ a+ n— 1d, 
1 


S.=- (@+a+n"—14) 


we > (2a +n—1d) 


This formula can also be obtained by an inductive proof (see exercise 
3. no. 18). 


The capital Greek letter > (sigma). may be uSed to indicate con- 
cisely the sum of a series. For example, if the sum of the first’ 5 terms is 
required in the series whose n'? term is (2n + 1) we may write 

5 

> (2n + 1), and read “the sum of (2n-+ 1) fromn—1ton = 5”, 

n=l 

5 

> (2n + 1) indicates the sum of the series 


n=l 


(2 fc A) As 10 Oia 4 OF He) el (Say ee ae 7, 


Example 4.—Find the sum of the A.P. 20, 16, 12, ... to 15 terms. 
With the notation given above, : 
a= 20,d = 16 — 20 = — 4, n = 15. 
Ss. = n 22 + (n—I1)d 
2 
Sip — 15, -S TSCA) _ 15.(-8) — —120. 


Exercise 3. 


Find the sums of the following arithmetic series, by first finding 
the last term:— 


1.10 + 14+ 18 + ... to 7 terms. 
2. 538 + 50 + 47 + +... to 15 terms. 
3. 474+ 52+ 5:7 + ... to 10 terms. 


oO ON ADM Sf 


10. 


11. 


12. 


13. 
14. 
15. 


16. 
17. 


18. 
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Find the sums of the following arithmetic series: 
5 + 11+ 17+ ... to 15 terms. 
13+ 10+ 74+... to 19 terms. 
74+ 54 +3-+ =... to 13 terms. 


“e+ 2a + 84 +... f+ 20%. 


Bt ++ 8% + 124 + ... to 24 terms. 

19 + 144 + 10 + ... to 16 terms. 

(i) 1+2+ 3+... to nm terms. 

(ii) If the sum of the first n odd numbers and the sum of the first n 


even numbers are added, to what sum of numbers are they 
equal? | 


Evaluate (i) > @r —1): (ii) > @r aly, 


r=] r= 1 


8 n 
Evaluate (i) >(2r); (ii) > (@r). 
r= 1 cal 
Find the sum of the following arithmetic series: 
a+0O—a—...tonterms. 
(a—b) + 2a+ (84+ 0) +... ton terms. 


In an A.P. of 49 terms, the middle term is 13. Find the sum of all 
the terms. . 


In an A.P., Tz; = 11, T; — 21; find Sho. 
In an A.P., Tg = 0, Ty = —12; find 8;. 
Prove that 


a+ (a+ d) + (a+ 2d) +... ton terms — = (a+ a=) 
using the inductive method. (Hint: use the equation 
Sei1 = Se + Te+1.) 


Example 5.— How many terms of the arithmetic series 
18 + 15 + 12 + ;.. must be taken for the sum to equal 60? 


The common difference = —3. 


Suppose 18 + 15-+ 12-4 ... tom terms = 60. 
2a+n—ild 
2 3 
2.18 + (n — 1)(— 8) 
arte eA pe = 5 ee 


Since S, = 7. 


60, 
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n 26M +3 _ gy 


39n — 3n? = 120, 
n? — 138n + 40 — 0, 
(n — 5)(n — 8) = 0, 
whence n=—=5 orn = 8. 


Thus either 5 terms or 8 terms must be taken. 


Example 6.—How many terms of the A.P. 3, 5,7, . . . must be taken 
for the sum to exceed 500? 
Since Sa pone n Por (De 


S, = mE MADE n(n 4 2) nt + On. 


Hence we seek the least integral value of 7 for which n? + 2n > 500. 
If this condition is satisfied, 
nm? t+ 2n +1 > 501 (completing the square in n) 
n-+i1> 22-4 (rejecting negative value) 
n > 21-4 


Since 22 is the least integer which satisfies this inequality, at least 
22 terms must be taken. 


Example 7.—The sum of the first n terms of a sequence is 2n? + 4n. 
Find the n'* term and prove that the sequence is an A.P. 
Since 8S, — 2n? + 4n, 
Sn-1 = 2(n — 1)? + 4(n — 1) 
= 2n? — 2. 


Now, i =e Sa — Sr-1 
= (2n7 + 4n) — (2n? — 2) 


= 4n + 2, 
Tha = 4(n — 1) + 2 
== 4n — 2. 
T, — Thru = (47 + 2) — (4n — 2) 
=— 4, 


Thus the difference of any two successive terms — 4 = a constant, 
and the sequence is therefore an A.P. 
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Exercise 4. 


(In questions 1—5, the given series are Arithmetic). 


For what value of n does 
103 + 72 +54... to n terms equal 7? 


How many terms of the series 1, 14, 2 ... must be taken for the sum 


to equal 115? 


Find the least value of » for which 1 + 3+ 5 +... to ” terms is 


- greater than 1000. 


17. 


18. 


Find the least value of p for which 22 + 19 + 16+ ... to p terms 
is less than zero. 


Find the least value of r for which 2 + 4 + 6 + ... tor terms is 
greater than 400. 


The last term of an A.P. of 20 terms is 51 and its sum is 830. Find 
the first three terms. 


The sum of the first 4 terms of an A.P. is 2 and of the first 6 terms 
is 21. Find the sum of the 7'*, 8, and 9? terms. 


The 11° term of an A.P. is 20 and the product of the 1* and 4'* terms 
is 474. Find the first term and the common difference. 


Find the sum of the natural numbers to 200 which are exactly 
divisible by (i) 3 and (ii) 5. 


The sum of three numbers in A.P. is 74 and their prognce is 10. Find 
the numbers. 


Find four numbers in A.P. whose sum is zero and the sum of whose 
squares is 20. : 


Find the last positive term in the A.P. 97, 94, 91, 


Find the sum of k arithmetic means inserted between a and |. Find 
also the first and the last of these means. 


If the n'* term of an A.P. is 3” -+ 5, find the sum of the first 11 terms. 
If the sum of k& terms of a series is k?, find the first three terms. 


The sum of the first n terms of a sequence equals 3n — n?, Find the 
a2 term and prove that the sequence is an A.P. Find also the first 
three terms. 


The last term of an A.P. is 5 times the first, and the last but two 
equals the sum of the second and seventh. Find the number of terms 
and show that the first term is three times the common difference. 


In an A.P. the sum of m terms is to the sum of » terms as m?: 7?;. 
show that the m' term to the n’ term is as 2m — 1: 2n — 1. 
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§1-5. Geometric Progressions. 


A sequence which is formed by starting with a given term and mul- 
tiplying the terms in succession by the same number is called a geometric 
progression (or G.P.). Thus if we start. with 3 and multiply the 
terms in succesion by 2, we obtain the G.P. 3, 6,12, . . . . Again, if we 
start with 7 and multiply the terms in succession by —%, we obtain the 
G.P. 7, —34, 1%, —%, . j 

The ratio of any term of a G.P. after the first term to the preceeding 
term is constant and is called the common ratio. The common ratios in 
the G.P.’s above are 2 and —\, respectively. When the common ratio 
is negative, note that the terms are alternatively positive and negative. 

Notation.—It is usual to denote the first term of a G.P. by a and the 
common ratio by 7. Then the G.P. is: 

a, ar, ar’, 


Using an inductive definition we write 
T, = a, T,41 = 7.T, for all integral values of n > 1. 


From the form of successive terms of the G.P. we conclude that the 
n® term is ar’-!, ie., T, — ar’-!, and this may be proved inductively. 


Example 8.—Find and simplify the n'? term of the G.P.’s: 


(i) 15, 10, 6%, ... (ii) 12, —6, 3, ... 
i) Th mmon ratio = 10 — 2 
(i e co =p ~ 3 
oye 3.5.21. 5.Qr-1 
T, = 15. (=) -=5- 38 
ii) Th mmon ratio = PO oe oe 
(ii) e co 9 
1y7"? 28.38.(—1)"2 (1) 7 "2.3 
Ts re ( - 7, a Qn-1 > Qn-3 
Exercise 5. Lens 


Give all results in index form. 


Write down the 4', 7°, and m'* terms of the following G.P.’s. 


4. 3, 12, 48, ... 2. 1, 42, 44, ... 3. 16, 8, 4, ... 
4. 8, 10, 124, ... 5. 81, — 27, 9, ... 6. 4, 24, 63, ... 


In questions 7—9 write the 6’, ae and (2r + 1)* terms of the G.P.’s. 
Te. Veo Dy ees 2 %3 8. a®, —a, a}, ... 9. 3, —3, 4, 2... 

In questions 10—12, write the 5’, p'*, and (2p)* terms of the G.P.’s. 
10. 1, —1, 1, ... 11. a’, ab, b, ... 12). Qe 


In questions 138—14, -write the 4° and (2n)" terms of the series 


13. T, = 2, T,41. = Dieses 14. T, = @, Tati = T,.@’. 
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§1-6. Geometric Means. 


If three numbers are in G.P., the middle term is called a geometric 
mean of the other two terms. 


| A geometric mean between any two given numbers a and Bb can 
be found as follows: i 


Denote the geometric mean by G. Then a, G, b are in GP. 


The common ratio = nes — oe 
a G 
G? = ab, 
G = + vVab. 


It is customary to call + \/ab- the Geometric Mean between a and Db. 


Example 9.—Find the geometric mean of 4 and 9, 


Suppose the required mean is 2%. 


Then 4, x, 9 is a G.P. 


x 9 or 
a common ratio. 


vu? = 36 and « = = 6. 


We take the positive value, 6, as the geometric mean. 


Example 10.—Insert 3 numbers between 4 and 36 so that the resulting 
sequence is a G.P. 


Suppose the G.P. is a, ar, ar?, ... 

Then there are altogether 5 terms such that: 
T; = art — 36 
T; = a = 4. 
By division, r* = 9 = (+ 8)‘. 

re + V3. 
The required numbers are 4\/3, 12, 12\/3; 
or — 4\/3, 12, — 12/3. © 


This process is sometimes called inserting 3 geometric means 
between 4 and 36. 
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Example 11.—Find the first two terms of the G.P. in which the 37 
term is 6 and the 7 term is %. 


Suppose the G.P. is a, ar, ar’, .. 


Then T,; — ar? = 6 


and T; = ar = — 
B division are eel 
en epee 6 16 


wee ieee 24 


and the first two terms are 24, 12. 


a= 24 
and the first two terms are 24, — 12. 


§1-7. Summation of series whose terms are in QG.P. 


Let S, denote the sum of 7 terms of the G.P. whose first term is a 
and common ratio 7, where r ~ 1. 


Si =@Q+t+art+are... + arm 


Toy = ar + ar? +... + arm 4+ ar 
By subtraction, (1 — r) S, = @ — ar’, and since r ~ 1, 
. —  a(1—r) 
ie ames (Ei @) 
This may be written S, = ar”) ... (ii) 


It is convenient to use (i) except when r is positive and greater 
than 1. 
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If 2 is the last term, J = ar7-!, and we have: 


g _ #— a" a—rl  rl—a 
i‘ 1—r 1—?7r r—1 
: , a(1 — r”) 
An inductive proof may also be used to show that S, = 7 : 


Example 12..-Sum to 8 terms the G.P. 243, —81, 27, ... 


With the notation given above, 


a= 248, r = —81 + 2438 = —i, n = 8. 
— a(1—r*) 
Ss = i 7 
g _ 248[1 — (—%)*] 
: 1— (—\) 
_ 243871 — (%)§] 
es a | aaa 
729 
= ai — (%)*] 
_ 729 _ 729 SC 1 
— 4 6561 
1 
= 1 —_ —— 
1824 36 
= 182%, 
Exercise 6, 


Find the geometric means of:— 


1. 24 and 5. 
2. 8 and 16. 

1+ 2 1— 2. 
3. —— and 7 mm 


Insert 4 geometric means between:— 
32 and 243. 


5. 64 and 15%. 


Find the named terms of the following geometric progressions :— 
Ts, if T; = 8, T; — 2. 


Us if Ue = 12 and Uy = 91%. 
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20 


16. 


47. 
18. 
19. 


23. 


26. 


27. 


30. 


31; 


yo ye 
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Find the common ratios of the geometric progressions in which:— 


Toe 
sym 3X 2F". ; , 


U, == (—1)7.377-1, 
8 2n-3 


5a 
Find the number of terms in the following sequences in G.P.:— 
Dye pe Oe IBF Sy ek eg, et Ores 
ar sas x 

bd y" 


Find x if = 4+ 1,2 + 3, and 5¢ —1 are in GP. 


Write in expanded form: 
6 4 5 
(i) > o- ~— (ii) » 3. (iii) > Q-", 
r=]l ral cal 
Write in full: 
6 6 6 
() > 325 G@) > @ +43); Gi) > @ +7). 
r= 1 r= 1 ped 


In questions 17—22, find the sums of the following terms in G.P.:— 


\%, 3, 27, ... to 7 terms. 20. 1, —2, 4, ... to 9 terms. 
1, 3, 37, ... to 10 terms. 21. 2, %, %, ... to 5 terms. 
5, 10, 20, ... to 8 terms. 22. 1, —Y%, %, ... to 7 terms. 
Evaluate: 

= 3\ 26 1) : | 10 

> 8(=) 24. 5 (8a), 25, > (1-02), 


] a | ‘i | 


Find the sums of the series defined as follows: 


n—1 


ly, = Lt Uy = UY. 28. UU, = 833; u, = U,.3 2. 


1 n—] 


ie! 
Uy = V/23 Un = U,.2 2 29. Gy = 1935, = 41.0 2. 


Find the third term of the G.P. in which the first two terms are 


1 
ed and \/3 + 2. 
Prove by an inductive method ‘that the sum of 2 terms of the 
: a(l — 7”) 


geometric progression a, ar, ar’, ... is 7 
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Example 13.—What is the first term of the G.P. 1, %4, 4%, . . . less 
than 0-001? 


With the usual notation, 


fi be — ari 


Here,a =1, 7 = %, 


1 
Th = et 
Therefore we seek the least integral value of n for which 
1 1 
3-1 S 000 


i.e., for which 371 > 1000. 
Now 3° = 729 and 37 = 2187. 


Therefore the required value of n is given by 
n—-1l=—7 
_ n = &. 


Thus the required term is Ts. 


Example 14.—Find three numbers in G.P. whose sum is 174 and 
product 125. 


Let the numbers be <, a, ar; 
Py a : 
then —- + @ + ar = 17) 


and .a.ar == 125, 


ty cle pee 7k (1) 


D 
r 


Substituting in (1), 


ie., 10 + 107 + 107? = 35r 
whence 2r? -- 5r + 2 = 0, 
(r — 2)(2r — 1) = 0 
and r = 2 or 4. 
the numbers are %, 5, 10 for both values of r 
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10. 


11. 


12. 
13. 
14. 


16. 


17. 


18. 
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Exercise 7. 


Find the first term in the G.P. 2, 1, 4,.... which is less than 0-001. 
Find the first term in the G.P. 3, 9, 27,... which is greater than one 
million. 

Find the first term in the G.P. 1, —%4, “eo, —%e, ... which is 


numerically less than 10-+. 

The terms in Questions 4 and 5 are in G.P. Find the least value 
of » for which: 
2-+-4+84+...to m terms exceeds 1000. 


2+ 5+ 124 +... to n terms exceeds 750. 


The sum of the first 6 terms of a G.P. is 9 times the sum of the first 
3 terms. The 10th term is 64. Find the first term and the common 
ratio. 


Find three numbers in G.P. whose sum is 28 and product 512. 


Find three nyimbers in G.P. whose sum is 21 and product —729. 


The common ratio of a G.P. is 2, and the sum of the first 8 terms is 
211 _ 8, Find the first term. _ 


The sequence 1, 13, 16,...is formed by subtracting in turn each term 
of aG.P. from a certain number. Find the G.P. and the number. 


The n term of a series is 57°. Show that the terms of the series 
are in G.P., and find the sum of the first 10 terms. 


The sum of the first 4 terms of a G.P. is 40 and the sum of the next 
4 terms is 3240. Find the first term. 


Prove that 1 + #4 + a*4+ a8 + 2 
= (1l+ae+- a+ v8 + w4)(1 — aw 4+ 2? — xv + 24). 


Find the sum of the G.P. in which the first two terms are a and D 
and the last term l. 


Insert five geometric means between 2 and 16. 


The sum of the first, third and fifth terms in a G.P. is 1865, the sum 
of the second, fourth and sixth terms is 5460. ‘Find the first term. 


Challenge questions 


The sum of the first 8 terms of a G.P. is 626 times the sum of the 
first 4 terms. The sum of the first 3 terms is 31. Find the first 
term and the common ratio. 


Find the sum of nm terms of the series in which wu, — r and 
Un = Uy. TAN, 
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§1-8. The binomial expansion of (x -++ a)”. 


A polynomial consisting of two terms is called a binomial. We 
consider repeated multiplication of a single binomial factor (# -+ a). The 
student should confirm these results. 


(7 + a)°=1 

(ee +aji=ere-+a 

(@ + a)? = w+ .24a + a? 

(7 + aj? = 2 + 327%a + 37a? + a? 

(7 + a)* = at + 423a + 67a? + 4x0? + at | 

(x + a)® = we + 5arta + 10x78a? + 107703 + 5rat + a> 


The expression obtained in each case is a polynomial and the 
coefficients of the terms form a pattern. They can be arranged ina 
table called Pascal’s Triangle, after the French seventeenth century math- 
ematician Blaise Pascal. 


sum of coefficients 


index 0 | 29 
index 1 1 1 2) 
index 2 1 2 1 2? 
index 3 1 3 3 1 23 
index 4 1 4 6 4 1 24 
index 5 1 5 10 10 5 1 25 


Bee resereaseseneesee® §é§= =j$(~—= == = SOF FeRreeerseeReeDwereeeeee® $= = =j$~—= whe ees@osemMreecoesee = j= j= = = eae eveereveccesveg 


The following features are to be noted. (the 2 row has index 7): 
(i) each row begins and ends with oa 
(ii) the 2'* row contains (nm + 1) coefficients; 
(iii) the sum of the coefficients in the 7 row is 2”, 


(iv) in the n'* row the second and the second last term have n for 
coefficient; 


(v) after the row with index 1 each coefficient is the sum of 
the coefficients above it and between which it lies; 


(vi) in any row coefficients equidistant from the ends are equal. 


It can be proved that if n is a positive integer 


n(n —1) 


(x +- a)? = — or +. naa + - = o-2q2 v min ¢ a 2) u"-3q3 
Soc ED MONT iti sy te 


This binomial expansion, with a replaced by A 2, is used in finding 
the derivative of x”, where 7 is a positive integer (see §6-4). 
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Exercise 8. 
Write down polynomials equal to the following (nos. 1-15) 
(7 + 1)4. 5. (% + 1)% 9. (a + b)?. 13. (2% + 1). 
(7 — 1)+4. 6. (x — 1)°*. 10. (a — b)’. 14. (2% — 3y)?. 
(7 + 1)°. 7. (a + b)%, 11. (% - 2)4. 15. (2% — 5)*4. 
(x — 1)5. 8. (a — b)®& 12. (w — 2)5 | 


Section 1.—Revision. 


. Write out he first four terms of the sequences given by: 


(i) Uy = 2 and Uy41 = 38%n; (ii) a, — 8n — 1. 


Find an expression for the sum of 1 terms of the A.P. 
ad,atd,a-+ 2d,... 


If, in an A.P., us = 12 and ug = 134, find the sum of the first twenty 
terms. 


Given that the sum of the first » terms of the arithmetic series 
4+ 7+ 10+... is 375, find n. 

What is the least number of additional terms that must be taken if 
the sum is to exceed 600? 


Find a formula for the sum of terms of the geometric progression 
whose first term is a and common ratio 7. 


The 1* and 2™ terms of a geometric progression are a and D 
respectively. Find the 4 term, the n* term and the sum of the 
first ” terms. 


The sum of the 1*, 3 and 5 terms of a G.P. is 42; the sum of 
the 274, 4 and 6 terms is 84. Find the first term and the common 
ratio. 


Find the first term in the G.P. 2, 4, 8,... which is greater than 1000. 


(i) The p term of a sequence is 2°. Is it a G.P.? 


(ii) Find the sum of the series defined as follows: 
Uy = , Unt, = U,.0% 


Find the least value of ” for which the sum of the following G.P. is 
greater than 1000 :1+1:5+ 2°25+.....to nm terms. 


Write down as polynomials (1 + x)?, (1 + x), (1 + x)4, (1 + 2)5, 
(1 + 2)§%, 
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THE MEANING OF DIFFERENTIATION 
SECTION 2. 


§2-1. Gradient of‘a curve. 


The mathematical concept with which we shall be particularly 
concerned in this course grew from the problems of finding the gradient 
of a curve at a given point, and of calculating the rate of change of 
some quantity. 


Fig. 1(a). Fig. 1(b). 


If we consider the graph in Figure 1(a) as a road along which we 
are proceeding and wish to obtain some idea of its slope, we can take 
two points, P and Q, on it and calculate the gradient of PQ. The value 
of this gradient would vary for different sections of the road, and clearly 
we should obtain a better measure of the slope in a particular pie by 
taking P and Q very close together. 


Suppose that the equation to a curve is y = «?, and P is the point 
whose «-coordinate is 8 (see Figure 1(b)). 


To estimate the gradient near this point we proceed as follows: 
let Q be the point whose x-coordinate is 3 + h. Then, from the equation 
to the curve, the y-coordinate of P is 3? and that of Q is (3 + h)?. 

Now the gradient of the secant PQ is au where Az is the difference 
in the 2-values of P and Q, and Ay is the corresponding difference in 
the y-values. 

So At = (8 + h) — 3 = h, and Ay = (3 + h)? — 32 = 6h + h?. 

Ay . GRA NW : 
Hence =. = — 6+A (if kh # 0). | 
This formula may be used for the gradient of any secant through P. 


For example, 


if the z-coordinate of Q is 3° 5, then h = 0:5, and the gradient of the 
secant is 6 + 0:5 = 6:5. 
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The closer Q is to P, ie., the smaller |h| is, the better the gradient 
of PQ is as an estimate of the gradient near P. We can make Q closer and 
closer to P by making |h| smaller and smaller. 


For example, 
if the x-coordinate of Q is 3:1, then h = 0:1, and the gradient of PQ is 6:1; 


if the x-coordinate of Q is 3:01, then h = 0:01, and the gradient of PQ is 
6:01; 


if the x-coordinate of Q is 3-001, then h = 0-001, and the gradient of PQ 
is 6-001. 


When Q is on the other side of P, we give h negative values; 


if the x-coordinate of Q is 2-9, then h = —0-1, and the gradient of PQ 
is 5-9; 

if the z-coordinate of Q is 2:99, then h = —0-01, and the gradient of PQ 
is 5:99; 

if the x-coordinate of Q is 2:999, then h = —0-001, and the gradient of 
PQ is 5-999. 


It is clear that as |h| is made smaller and smaller, the gradient of 
PQ becomes closer and closer to 6. This value 6 is called the limiting 


approaches P along the curve. Thus, from our example, the gradient of 
the curve y = x? at the point P (8, 9) is 6. 


Our formula for the gradient of the secant enables us to obtain the 
gradient of the curve because by making h sufficiently small, we make 
Q as close to P as we please. We say that Q approaches P as h approaches 
zero and we write Q > Pash— 0. Again as h > 0, 6 + h approaches 6 
(i.e., 6 + kh — 6). This is often expressed by the statement ‘6 -+ h has 
the limit 6 as h approaches zero” and in symbols we write 


lm (6 + h) = 6. 
h—0 


This is read as “the limit, as # tends to 0, of the expression (6 + h) is 6”. 


It should be carefully noted that we are not saying that when h = 0 
the gradient is 6. For in obtaining the formula we removed the common 


2 
factor h from the numerator and denominator of the quotient a 


by division, and this is only meaningful if h is not zero. If we had not 
carried out this division we would have had = and we cannot give a 
precise meaning to this. | 
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§2.2. The tangent to a curve. 


Fig. 2. 


Let us now consider geometrically what happens when a point Q on 
a curve approaches a fixed point P on the curve. In Figure 2, PQS is a 
secant, i.e., a straight line drawn through a point P on the curve and 
cutting the curve again at a neighbouring point Q. | 

Assume P is fixed and let PQS revolve about P in the direction | 
shown. Q approaches closer and closer to P, coincides with P, and then 
reappears on the other side of P. We assume that, when Q coincides with 
P, a limiting position PT of the secant exists that is unique, i.e., that 
the limiting position is independent of the side from which Q approaches 
P. PT is said to touch the curve at P and is oo a tangent to the 
curve at P. 

As long as P and Q are two distinct neiehbourare points on the curve, 
PQS can never take the position of the tangent at P; but as Q approaches 
P, from either side, PQS moves closer and closer to the position of the 
tangent, and can be made as close to it as we please. We define the 
tangent to a curve at P as the limiting position of a chord PQ as @Q 
approaches P along the curve. It follows from §2-1 that the gradient 
_of a curve at any point P is the gradient of the tangent at P to the curve. 

The idea of a limit, as expressed in §2-1 and §2-2, is of fundamental 
importance.* 


§2-3. Y 


O 
Fig. 3(a). Fig. 3(b) 


The definition of a tangent to a curve given in §2°2 is a generalisation of that learned in plane 
geometry for the tangent to a circle, viz., that a tangent to a circle is a line which has one and only 
one point in common with the circle. The definition given in §2°2 implies that a tangent to a curve 
at a point P has one and only one point in common with the curve in the neighbourhood of P. The 
tangent at P may, however, cut the curve again at some point not in the neighbourhood of P. For 
example, in Figure 3(a), PS is a tangent to the curve at P and cuts the curve again at S. 

Consider Figure 3(b). From the definition of a tangent, PT is a tangent to the curve at P, for it 
is the limiting position of the secant PQS. We say that the tangent is crossing the curve at P. The 
point P is called a point of inflection. 


% 


*It will be discussed more fully in Section 5 
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§2-4. Use of limit notation. 


The symbol — and the limit notation may be used in finding the 
gradient of a curve. With this notation the discussion in §2-1 may be set 
out as follows: 


Figure 1(b) shows the graph of y = x2, P being the point whose 
x-coordinate is 3, and Q the point whose x-coordinate is 3 + h 

The y-coordinate of P = 3? = 9. 

The a aaa of Q= (8+ h)?= 94 6h + 


Ay = (9 + 6h + h2) — 9 


— 6h + h 
And Ae (8 aS Ace eh, 
The gradient of PQ = = —6+h. (h 0) 


As Q > P,h > 0, and — 6, 
ie, lim (6 +h) = 


h—>0 


Hence the gradient of the curve at P is 6. 


Exercise 9. 


1. Find the gradient of the curve y = x? at the point whose 2#-coordinate 
is (a) 4; (b) 5; (c) 6. 


2. Find the gradient of the secant joining points whose z-coordinates 
are 1 and 1-1 on the curve y = 2a* — 38x + 4. 


3. Find the gradients of the following curves at the points indicated: 
(a) y¥ = vw? — 2% at « = 1; 


(b) y= —# + 24 + 38 at xa = —1; 
1 

(Cc) y= Zz ater = 8; 

(@) y= Patent. 


§2-5. The gradient of the curve y — z* at any point on the curve. 


Treating each point individually, we have found the gradient of the 
curve y = 2 at the point (3, 9) is 6, the gradient at the point (4, 16) 
is 8, the gradient at the point (5, 25) is 10, and the gradient at the point 
(6, 36) is 12. For each point on the curve we can find the gradient in 
this way, but it will involve less calculation if we obtain a formula for 
the gradient at any point (a, a”) on the curve. 


Let P (a, a”) be a point on the curve, and let Q (a + A, ti +. h)?) 
be a neighbouring point. 


Then the y-coordinate of P = @ 
and the y-coordinate of Q = (a + h)? = a? + 2ah + h?. 
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7. Ay = (a? + 2ah + h?) — @ 
— 2ah —- h2 
and At = (a+h)—a=—h. 


The gradient of PQ = a4 = —2a+h. (h ~0) 


As Q> P,h => 0, and <4 2a, 


ie, lim (2a + h) = 
h—0 


Hence the gradient of the curve at the point (a, a?) is 2a. 


This result can then be used as a formula to find the gradient at any 
given point. For example 


when a = —3, gradient = 2 * —3 = —6; 
when a = —1, gradient = 2 xX —1 = —2; 
when a = 0, gradient = 2 xX 0 = 0; 
when @ = 1, gradient — 2 * 1 = 2. 


§2-6. The derived function. 


More generally we can find the gradient of the curve y = f(x) at 
any point on it. 


Let P (a, f(a@)) be a point on the curve, and let Q (a +h, f(a + h)) 
be a neighbouring point. 


Then Ay = f(a + h) — f(a) 
and At = (a+h) —a=h. 


The gradient of PQ = au — LAC Be) eee) (h = 0). 


Hence the gradient of the curve at P is given by 


lim f(a+ h) — Ty 
h—0 h 


It is more usual to use the letter x, rather than a, for any element 
of the domain of a function and so this gradient quotient is usually 
written SS For any value of x this quotient can be 
calculated and its limit as h approaches zero determined. This limit is 
called the value of the derivative of the function f at x. This is a number 
which depends on the value of 7, and so the idea of derivative suggests 
a function, which could be called a gradient function. This function is 
derived from the function f, and is accordingly written /’, and is called 
the derived function of f, Hence the derivative of a function\f at 7 is” 
given by f’(%) = Per oe } ao Al A TOY we note that f’ po, wry for 
the derived function or derivative-oF of f; it is a new function. Also f’(2x) 
is the value of the derivative, or of the derived function, of f at 2. 


The process of finding f’(x) is called differentiating or differentiation 
and since the derivative is expressed in terms of 2%, the words “with 
respect to 2’ are sometimes added to the words “derivative” or 
“differentiating”. | 
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§2.7. Alternative notation. 


The use of the delta notation, Av and Ay, in obtaining the derivative 
of a function, is due to Leibniz, one of the founders of the calculus. 


We let P (xz, y) be a point on the curve y = f(%), 
and Q (x + Az, y + Ay) be a neighbouring point. 
Then y + Ay = f(% + Aw), and y = f(x) 
Ay = f(e + Ax) — f(x). 
The gradient of the secant PQ is | 
Ay f(x + Av) — f(*) 


Ga ae ee 0) 
As Q —> P, At > 0, and lim = en lim f(@ Ax) — f(e) 
Ax —> 0 4% Ax —>0 AG 
The symbol wu is used to represent this limit 


(It is read as “dy by dx” or “dy, dx’’.) 


Note that this symbol wu does not denote a ratio; it is a single 


symbol, written in fractional form, to remind us that it represents the 
limiting value of the ratio < when Ax —> 0. It is the value of the 
derivative at ~. 

dy 


Thus from §1:6, if y = 2Z?, ic = 22. Or fF (L): == 22. 


§2-8. Differentiation. 


When we have differentiated a function, we can use the derived 
function to determine the gradient at any point on the graph of the 
given function; and, if required, to determine a pom on the graph at 
which the gradient has a given value. 


It is not necessary to have the graph of a function drawn when we 
are differentiating the function. 


Example 1. 


he 


Ify = x? — 2x4 + 3, find as Hence determine 


(a) the @ gradient of the curve y = x? — 2x + 3 at the point where 
x= 3; 


(b) the point on the curve at which the gradient is —4. 
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Let (%, y) and (% + Az, y + Ay) be neighbouring points on the 


curve. 

y+ Ay= eg ee + 3. 

yo ve — w+ 3 
By subtraction, Ay = 2”%.Axv + (az)? — 2.Aa. 
Ay __ 
Ag = Oe + a 2 (Av 0). 
When Az — 0, “4% - av — 2, ie, lim SY = on — 2, 
Ax | Az—>0o4 
dy 
. an = 2% — 2 


Hence the gradient at any point (x, y) on the graph of 
Y= ue — 2H + 3 
‘is equal to 2% — 2. 


(a) When x = 3, gradient = 2* 3 — 2 = 4. 


(b) When gradient = —4, 2x — 2 = —4; 
’\. & = —1, 
When «+ = —1, y = (—1)? — 2(—1) + 38 = 6. 


Hence the required point is (—1, 6). 


Exercise 10. 


1. Use the definition f’(x) — lim ie + *) — 1) to find the 
| h—-0 
derivatives of 


(a) 32? (b) ~7 — 2u% = (ec) 4a? +. +5 (d) 2%* — 34H + 5. 


2. Use the definition wu — lim Ue) Se TO) to find the 
. Ax —> 0 Ax 
derivatives of _ 
(a) 24 — 5 | (c) +0 — 42 
(b) 3877 + @& _ (d) —2x? + 384% — 1. 
3. If y = x? + 6, find dy 
; dia” 


For the curve y = 2 -+ 6, find 


(a) the gradient at the point where «+ = 2; 
(b) the point where the gradient = 6. 


4. Differentiate y = 2?. 
For the curve y — 2?, find 


(a) the gradient at the point where 7 = 4; 
(b) the point where the gradient is —12.. 
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5. Find the derivative of the function 2”? — wv + 4. 
For the curve y = 2%” — x + 4, find 


(a) the gradient at the point where 7 = —8; 
(b) the point where the gradient is 3. 


_ tee, wine dy 
6. Ify=4-+ % — 2x*, find —. 
For the curve y = 4 + « — 2?, find 
(a) the gradients at the points where y = 3; 
(b) the point where the gradient is 0. 


Differentiate (Questions 7 to 12). 


7. y = «2? — 4. Infer dy when y = «x? + 10. 


dx 
dy | 
8. y = 3x7. Infer — when y = 42°. 
dx 
dy 
9 y = 3x7 4+ 2. Infer 7 when y = 72? + a + 4, 
dy 
10. y = «x3, Infer Ps when y = 2 + 7, 
dy 
ile YS 4°. Infer an when y = 72°, 


12. Ys 2. 


13. From the results of the differentiation of 7°, x°, x* infer oy for 
(a) y = @; (b) y = 2; (c) y = 2; (d)y = =. 


§2-9. Differentiation of a constant function. 


Let y = c be a constant function, and let (x, y) and (x + Az, y + Ay) 
be neighbouring points on the curve. 


y=e 
and y + Ay = ec 
" Ay = 0 
Ay __ 

rc an (Ax = 0) 


and hence ay = 0. 
dx 
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§2-10. Differentiation of y — m2, where m is a constant. 


Let (x, y) and (x + Az, y + Ay) be neighbouring points on the 


curve. | 
Then y = mx 


and y + Ay = m(« + Az) 
— mex + m AX; 
Ay = m Ax. 


AY _ am ~ (ar ~ 0) 


and hence — = ™. 
dx 


§2-11. Differentiation by rule. 


—_— 2 — Lf pees e 
1. When y = 2?, da aS 20: (§2-6). 
When y = 2%, ad roel Hh (Exercise 10, Q. 10). 
When y = «4, ad = 473, (Exercise 10, Q. 12). 
We infer from these results that 
when y = x’, where n is a positive integer, 
dy — nx2-1 
dx : 


Nore: From this rule, when y = x, y = 1.x° = 1 and this agrees with §2:°10. 
x 


2. When y = X?, ou = 27% (§2-6). 
When y = 2x2, SU = Ae = 2.20; (Exercise 10, Q. 4). 
When y = 3x2, ou — 6% = 3.22. (Exercise 10, Q. 8). 


We infer* from these results that 
when y7y = ax?, where a is a constant, 


wv = a. (the derivative of 27) 
| == Ob . 20. 
In general, when y = ax”, where a is a constant, 
dy ; 
eat Se ae IK ce 


dx 


*This will be proved in Section 6. 
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3. In Example 1 of §2-8, it is shown that 


when y = 2? — 20 + 3,94 = 2” — 2, 


Noting that the derivative of 77 is 24% (§2-6), that the derivative of 
(—2x) is —2 (§2-11) and that the derivative of 3 is 0 (§2-9), we 
infer* that the derivative of v7 — 2x” + 3 can be obtained by writing 
down the derivative of each term and adding the results. That is, the 
operation of differentiation is distributed over the terms of the expression. 


To differentiate a function of 2 containing several 
terms, add the derivatives of the several terms. 


For example, if y = 4x73 + 3x7? — Tx + 2, 


dy 3 
in 4.3”? + 3.2% — 7+ 0 
| = 1277 + 6% — 7. 
Again, if y = az? + bx + c, where a, 0, ¢ are constants, 
dy _ | 
—= 2a” + b. 


In future work, the rules just given, together with those obtained in 
§2-9 and §2-10, should be used to write down the derivative of a given 
function. If you are asked to find the derivative from first principles 
ee from the definition of a derivative), use the method of Example 1 
of §2-8. 


Note that the rules which we have agreed to use allow us to 
differentiate only a polynomial function of x or a function which can be 
written as a polynomial. For example, the function (8% + 1) (3a — 1) 
can be written 9x7? — 1 and its derivative is 9.2% — 18%. Again the func- 
tion (2% + 3)? can be written 477 + 12% + 9 and its derivative is 
4.2% +-12 = 8x +. 12. In later work, rules will be given for differentiating 


other functions of 4%, e.g., =, \/xz, sin x, cos x, (ax + b)*, and products 


(and quotients) of two functions. 


dx 
The operation of finding the derivative of a given function of x may 


§2.42. The symbols and D. 


be denoted by either of the symbols da OF D. The symbol = is called an 


Operator, just as the symbol \/ is an operator. For example \/25 means 
that the operation of finding the positive square root of 25 is to be 


performed, and the result is 5; £ (x?) means that the operation of 


finding the derivative of x? is to be performed, and the result is 272. 
Similar remarks apply to the operator D, which is used with the same 
meaning as 7. 


*This will be proved in Section 6. 
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d 
Using the Ae notation (or the D notation), we can write the results 
of §2-9-§2-11 as follows: 


£ (Cc) = 
ad 
ae (mx) = ™M. 
ad 
ee (27) = nord 
(ax") = anor, 
2 ant 4 be +e) = & (ont + £ + HO 
= 2ax + bD 
Alternatively, | 
D(c) = 0; D(m@) =m; D(a#) = na; D(ax") = ana; 
D(au? + be& + c) = D(axv?) + D(bx) + Dc) 
= @.2% + b + 0 
= 2ax +. b. 


Note carefully that the symbol a which looks like a ratio or 


fraction, is in fact a direction to carry out a certain operation on the 
function of x which it precedes. It is not a multiplier, nor can the d* be 
cancelled. Thus both wu and f must be thought of as single symbols 
and used as such. 


It should also be noted that in obtaining the derivative we have to 
f(x + Av) — f(*#) 
. Av 
tends to zero, or of the gradient of the secant PQ as Q tends to P. This 
process is impossible, however, if the limit does not exist. The existence 
of the limit will be investigated more fully when we examine the formal 
definition of limit. However, at this stage we shall consider two cases 
in which the procedures so far adopted break down. 


find the limit of the difference quotient when Ax 


In Figure 4 we try to find the gradient of the curve at P by 
considering the limit of the gradient of the secant PQ. If P is the point 
with x-coordinate a and Q has «z-coordinate a + h, we let h tend to 
zero. It is clear from the diagram that the secants PQ;, PQs, PQ3, PQs, 

do not have a limiting position, although it is quite obvious that 
there is a tangent to the curve at P. The reason, of course, is that for 


36 BROOKS’S AUSTRALIAN SCHOOL SERIES 


each value of a, and a -+ h, there is not a unique value of y. We overcome 
this difficulty by agreeing that we deal only with curves of functions, 
i.e., curves on which there is one and only one value of y corresponding 
to each value of 2. | 

3 

3 


y 


Fig. 4. 


Figure 5 is the graph of the function f(z) = |a|. It shows that at 
the point (0, 0) there is no tangent. At all other points there.is a tangent, 
which indeed coincides with the graph. So again we cannot find the 
value of the derivative at the point (0, 0). 


Thus it is possible to have some numbers in the domain of f which 
are not in the domain of f’, but all numbers in the domain of f’ must be 
in the domain of f, i.e. the domain of f’ is a subset of the domain of f. 


Exercise 11. 


Differentiate by rule the functions in Questions 1 — 23: the domain 
in each case is the set of all real numbers unless otherwise stated. 


1. 23, 15. (2%)* 
ye ha 16. (« — 1)3 
3. 22°, 3x3 
4. 5a, aie’ a 
5. bx?. (6b is a constant). 1 1 
: 18. —x7v? ——~zx 2. 
6. 3277 — 7. a 4 7s 
7. 203 + 10. 49, A7e 
8. 2? — 2m. | : 
9. Tat 4 g2°. 20. «(3x22 — 2). 
3 2 

10. 372 — w -+ 7, 21. =, (x =< 0). 
11. 52? + Tre — 1. | : 9 

x— 
12. 1 + 24% — 2?, 22. ea 3 (% A 2). 
13. « — 34? — 52%. Sue + 27 1 
14. (3x)? 23. OE ne GP i) 
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In Questions 24-28, find ws, 
24. y¥ = — 3x2 — 100. 27. y = (& — 1) (4% — 2)(@ + =83). 
25. 9 = a + 8). 28. y = (&@ + 2)(4% — 2)?. 
26. y = x(x — 1)?. 
dv* 
In Questions 29, 30, find —— aE 
29. v = 10 + 32. 
30. v = u + at, where u and a are constants. 
. ae ds . 
In Questions 31-38, find aE: 


31.s= 8 + 32@. 
32. s = 4 — 2t — 48. 


33. s = ut " S91, where & and g are constants. 


34. Find in y (20 — 3a? + 5a — 7). 
35. Find od values of x for which Dr — 377 — 124 + 5) = 


Challenge Question 


36. If y = ax" (where 7 is a positive integer) ei = anx, This expres- 
sion is called the first derivative of av. What is the derivative of 
anx1? 

If y = aw + ba +- cm? +. ..... + q and we find the first 
derivative of y and then the derivative of the new function and so 
on, how many times must the process be carried out to obtain a 
constant? What is the value of this constant? 


§2-13. Finding the equation of the tangent to a curve at a given point 
on the curve. 


Fig. 6- 


Suppose that we wish to find the equation of the tangent to the 
curve y = xX? at the point (3, 9) on the curve. (See Figure 6.) Since we 
know the coordinates of one point on the required line, we can find the 


*If v is a function of #, a is the derived function of v with respect to #. 
zt 


38 BROOKS’S AUSTRALIAN SCHOOL SERIES 


equation of the line if we know the gradient as well. Since the gradient 
of the tangent at any point is equal to the gradient of the curve at that 
point (§2-2), we can find the required gradient by finding the value of 


—e when x = 8. The detailed solution is given below. 
a x. 
dy _ 
ie = 2X. 
—_ 5 dy _ - 
When « = ‘gp AK 8 = 6. 


Hence the gradient of the tangent at the point (8, 9) is 6. 


The equation of this tangent is y — 9 = 6(x% — 8), 
ie., Y = 64% — 9Y. 


The general procedure is: 

oo from this: 

dx’ 

2. Find the gradient (m) of the tangent at the given point (%, yi) on 
the curve; 


1. Use the equation of the curve to find 


3. Substitute in the equation y — y,; = m(x — 2). 


4. Simplify this equation. 


Exercise 12. 


Find the equation of the tangent to the curve at the given point: 


Ds YS OP 2, 4). 
2. y = 5a: (1, 5). 
3. y = 3x? + 8; (0, 8). | 
4. y = ve + x — 1; (2, 5). 
5B y =e — & + 4; (2, 6). 
6. y = 20? — 5x + 9; (1, 6). 
7. y = 84? + 24% — 5; (—1, —4), 
8 y = 38 + 4% — 3x7; (0, 3). 
9 y = 1 — Qe — 287; (-1, 1. 
10. y = x(a + 7); (2, 18). 
11. y = (% + 3)(% — 5); (0, —15). 
42. Prove that the tangents at P(1, —3) and Q(0, —3) on the curve 
y = x“? — x — 8 are perpendicular to each other. _— 
(NoTE: It is not necessary to find the equations of the tangents.) 
. Prove that the tangents at the points (1, 2) and (2, 1) on the curve 


y = 1+ 3x — «x meet each other at right angles. 


14. 


15. 


16. 


17. 
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Challenge Questions 


Find the equations of the tangents to the curve y = (% — 2) (# +4 4) 


at the points where the curve cuts 

(i) the y-axis; 

(ii) the 2-axis. 

Find the intercept which the tangent to the curve y = x? — 3% + 2 
at the point (1, 0) makes on the y-axis. 


Find the equation of the tangent to the curve y = 247 + x — 4 
whose gradient is 9. 


Find the equations of the tangents to the curve y = 2 + 2% — 3 
at the points on the curve whose y-coordinates are 5. 


Section 2. — Revision. 


- Define: tangent to a curve, gradient of a curve. 


Find from first principles, the gradient of the curve y = 2?, at the 
point whose #-coordinate is 2. | 


Give the three steps used in finding the derivative of y = f(x). 
Define dy 
da” 

Find, from first principles, the derivatives of: | 

Gi) y= > | (iii) y = 2a3, | 

(ii) y = w + 6; 7 (iv) y = 343 — w? + 3% — 4. 
Differentiate by rule the following functions of x: | 

(i) 7x? + 2% — 38; (iii) 272 + 4axv + OD; 

(ii) 4v7 — 5a + 0D; (iv) aw? + ba + e. 

; (a, b, c are constants.) 

Find . 3 

(i) £ (20 — 7); (iii) D(w> — 223 + 3% + 2); 


(ii) £ (20 — 3¢2 1 27 — 5); (iv) D(5a* — 1). 


Find the equation of the tangent to the curve at the given point: 


(i) y = 2; (4, 16); | 

(ii) y = 2m? — x + 5; (1, 6); 
(iii) y = 3a7 — 4x” + 5; (0, 5); 
(iv) y = 3 — 4a — 2a?; (—1, 5); 
(v) y = (* — 3)(4 — 32); (3, 0). 


Prove that the tangents at the points (2, —6) and (1, —6) on the 
curve y = wv? — 3x — 4 are pendicular to each other. 


Find the equation of the tangent to the curve y = x? — 5a + 2 
whose gradient is 3. 
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SECTION 3. 


APPLICATIONS OF THE DERIVATIVE OF A FUNCTION 
§3-1. What a graph tells us. 


Fig. 1, 
The graph of y = f(x). 


We can find from the graph the value of the function for a given 
value of x. For example when x = a, by drawing ON = a on the 4#-axis 
and then drawing NP to meet the curve, NP = f(a), the value of the 
function for x = a, or the value at a. 


The graph of a function shows how the sign of the function changes; 
for when the graph lies above the 2-axis the values of the function are 
positive and when the graph lies below the x-axis the values are negative. 
When it cuts the z-axis the value of the function is zero. 


Further, the graph shows how the function is changing in value, for 
when the curve is rising* the values of the function are increasing and 
when the curve is falling the values are decreasing. For example, in the 
diagram the curve is rising from A to B, showing that the values of the 
function are increasing; from B to C the curve is falling showing that 
the values of the function are decreasing. 


Exercise 13. 


1. Figures 2(a) - (g) are graphs of functions of vx. State for each figure 
the values of x for which the function is increasing or decreasing. 


Oo 1 3 5 % -/ 0 é 
Fig. 2(a). Fig. 2(b). 


Fig. 2(c). Fig. 2(d). 


*Remember that we consider increasing values of x, i.c., we read the graoh from left to right. 
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Oi 236 678 


Fig.2 (e)- | Fig. 2(£). 


Fig. 2(g). 


§3-2. Gradient of a curve. 


Fig. 3(a). Fig. 3(b). 
Positive gradient, Negative gradient, _ 
value of function increasing. value of function decreasing. 


Figure 3(a) shows part of a curve which is rising at all points in the 
neighbourhood of P. We see that the tangent at P makes an acute angle 
with OX and draw the following conclusions: 


The gradient of a curve at a powmt where the curve is rising is positwe; 
and, conversely, at a point where the gradient is positive the curve is rising. 


This follows from the definition of the gradient as the limit of =~, for the limit of “ when 
x x 


Ax —> 0 cannot be positive unless oe is positive for all values of Ax near 0. 
£ 


Figure 8(b) shows part of a curve which is falling at all points in 
the neighbourhood of Q. We see that the tangent at Q makes an obtuse 
angle with OX and draw the following conclusions: 


The gradient of a curve at a point where the curve is falling is negative, 
- and, conversely, at a point where the gradient is negative the curve ts falling. 
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§3-3. Stationary points. 


vA R Y Y 
| 
j | : NNT RE” R 
| ] 
| | 
| 
| l = 
O xX O x 
Fig. 4(a). Fig. 4(b). Fig. 4(c). 


Figure 4(a) shows a point R on a curve at which the tangent to the 
curve is parallel to OX. At this point the gradient of the curve is zero. 
When the gradient at a point on a curve is zero, the point is called a 
stationary point and the value of the function is called a stationary value. 
Figures 4(b) and 4(c) show other examples of stationary points. 


Note carefully that it is possible for a point to be a stationary point 
on a curve without the gradient changing sign. In Figure 4(c) the gradient 
of the curve is positive before and after the stationary point R. (See 
§2-3.) 


§3-4. Maxima and Minima. 


7 D 


Fig. 5 


In Figure 5 the gradient of the curve at B is zero, just to the left of B 
the gradient is positive (for the curve is rising) and just to the right of 
B the gradient is negative (for the curve is falling). Hence the values 
of the function are increasing just before B, then they decrease. NB is 
called a maximum value of the function. A maximum value of a func- 
tion is a value which is greater than neighbouring values on either side 
of it. It follows that if, for increasing values of x, the sign of the gradient 
changes from positive to negative through zero, the function passes 
through a maximum value. | 


Note carefully the two requirements for maximum value: 
1. The gradient is zero at the value; 
2. The gradient changes sign from positive to negative through zero. 


In Figure 5, the gradient at C is zero; just to the left of C the gradient 
is negative (for the curve is falling) and just to the right of C the 
gradient is positive (for the curve is rising). Hence the values of the 
function are decreasing just before C then they increase. MC is called a 
minimum value of the function. A minimum value of a function is a 
value which is Jess than neighbouring values on either side of it. It follows 
that if, for increasing values of x, the sign of the gradient changes from 
negative to positive through zero, the function passes through a minimum 
value. | 
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Note carefully the two requirements for minimum value: 
1. The gradient is zero at the value; 
2. The ame changes sign from negative to positive through zero. 


f. 
= + 
= + 
a “ee + 
Maximum value of. Minimum value of 
a function. a function. 
Fig. 6. 
Figure 6 illustrates the gradient changes for maximum and minimum 
values of a function. (The symbols -,, 0, —, indicate, respectively, 


positive, zero, negative gradients.) 

It must be understood that a maximum value of a function is not 
necessarily the greatest value of the function, e.g., in Figure 5 the value 
of the function at D is greater than the value at B, a maximum value. 
Again, a minimum value is not necessarily the least value of the function, 
e.g., in Figure 5, the value of the function at A is less than the value 
at C, a minimum value. 


(a) Fig. 7. (b) 


Figures 7(a) and (b) show other cases of maxima and minima. In 
each figure there is a maximum at P and a minimum at Q. 
We make the following statements about maximum and minimum 
values of a continuous function. 
1. A maximum value cannot be followed by a maximum value. 
2. A minimum value cannot be followed by a minimum value. 
3. If a minimum value is PORENG then an adjacent maximum value 
is also positive. 
4. If a maximum value is negative, then an adjacent mimimum value 
is also negative. 
The student should verify the truth of these statements bye examining 
Figures 5 and 7, but chiefly by drawing his own diagrams and attempting 
to disprove the statements. 


§3-5. Turning values. 


A stationary point at which the value of a function is a Maximum 
or a2 minimum is called a turning point, because at such a point the graph 
of the function “turns” from increasing to decreasing, or from decreas- 
ing to increasing. The corresponding values of the function at these 
points are aor turning values, so that a turning value of a function 

y 


occurs when ian 0 and changes sign. 
Note that ou 0 is a necessary, but not sufficient, condition for a 


turning value. 


44 - BROOKS’S AUSTRALIAN SCHOOL SERIES 


§3-6. Changes in value of a function. 


Since we have learnt (§2-11) how to find the derivative of a poly- 
nomial in x, and hence how to express the gradient of its graph as a 
function of %, we may with the aid of (§§38-3-5), examine a given poly- 
nomial for maxima and minima. We may use the results to either plot 
points on the graph of the polynomial or (and this is usually sufficient) 
make a sketch of the curve which shows the important values of the 
function (e.g., turning values, intercepts on axes). 


The methods are general. As we learn how to find the derivatives 
of other types of functions of x such as the algebraic expressions 


=, Var, V1 + x, log (1 + %), a*, etc., and the trigonometrical functions 


of the angle x, or of the real number %, we can then examine the changes 
in value of these functions using the same procedure to be described 
below and show the results in graphical form more generally than by 
giving tables of values of the functions, 


Exercise 14. 


For each of the following graphs (questions 1-7), state, by inspection, 


(a) the parts of the curve for which qs positive; 


dx 
Le OY, : 
(b) the parts of the curve for which Ae is negative; 
(c) the points where cu = 0. 


State for each graph the range of values of x for which the function 
is (i) increasing, (ii) decreasing. State also the values of x for which 
each function has maximum or minimum values. 


1, 2. 


3, 4, 5. 


6, 7. 
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Draw part of the graph of y = f(%) to illustrate the conditions given 
in questions 8 to 11. State, for each question, whether y has a maximum 


value, minimum value, or neither at the value of x for which oy = 0. 
8. x < 1, ou is positive; at (1, 4), ou = 0% a tI, ou is negative. 
ee dy . dy __ a. > ay. 
9. x <2 ae | is negative; at (2, —1), ia = 0; 2 > 2, de is negative. 

10. ¢%¢< — 3, i is negative; at (—3, 1), 7, oy S'S a8. oy is positive. 


; dy is positive; at (0, 4), dy == Oo 1); dy is positive. 

dx dx dx 

12. If y = x? — 5a + 4, calculate the gradient at the points on the 
graph for which (i) x = 2; (ii) © = 24; (iii) « = 3. What do 
you notice? 


11. 2< 0 


13. If y = 12 — x — x?, calculate the gradient at the points on the graph 


for which (i) « = —1; (ii) « = —4; (iii) « = 0. What do you 
notice? , 

14, If y = 2a? — 3x7? — 124 + 7, calculate the gradient at the points on 
the graph for which (i) * = —2; (ii) « = —1; (iii) «7 = 0; 


(iv) = 2; (v) @ = 3. What do you notice? 


§3-7. Procedure for finding maximum or minimum values. 


From §3-4 we have the following procedure for finding a maximum 
or minimum value of y = f(2%). 


1. Find wy 
2. Find a value of x(%, say) for which id == -(), 
3. Examine the sign of ad as x increases through the value %,. 


4. (i) If cu changes sign from positive to negative through zero, the 
function has a maximum value at *# = 2%. 
(ii) If ou changes sign from negative to positive through zero, the 
function has a minimum value at © = 4%. 
(iii) If su does not change sign, the function has neither maximum 
nor minimum value. | . 


5. Calculate f(%,) the maximum (or minimum) value of f(%). 


6. Repeat the above steps for each value of a for which ou =); 


46 BROOKS’S AUSTRALIAN SCHOOL SERIES 


Note 
To identify a stationary point, reason thus: 
ou zero — gradient zero — curve parallel OX — —-; 
dy 


Gg negative — gradient negative — curve falling \ 
ae positive — gradient positive — curve rising — VA 
Hence, if we have this sequence, 

/ \ (i) Via 

Maximum value; Minimum value; 
VA (i) — 

(iii) Z a \ 

Point of inflection. 


Example 1. 


Find any stationary values of 3x”? + 5a” + 8, determine their nature, 
and use the result to sketch the graph of y = 3x? + 5a + 8. 


(i) Let y = 327 + 54% + 8 
dy _ 6y 4 5; 


dx 
OY = Oy hen: GH a6: 
ax : 
ie., when 7 = —%,. 
*, the function has a stationary value when 7 = —¥%. 


When « < —%*, 6% + 5 is negative, is negative; 


_ dy 
* ax 
When % > —%f, 6% + 5 is positive, .’. id is positive. 
Hence when « = —%, oy 0 and changes sign from negative to 
positive. | 
. y has a minimum value** when « = —¥%. 
Ymin. s Bee + 5 (—%) -- 8 


Thus the igen ae of the function is 5442, when x = —%. 
Note that, for a quadratic function, the minimum value of the function is also the least value. 


*Use the equivalence of x << —% and 6x + 5 < 0, or give x a definite value (—I, say) less than 


tUse the equivalence of x > —% and 6x + 5 > 0, or give x a definite value (0, say) greater than 


**To decide this, sketch a diagram =X Ds 
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Fig. 8. 


(ii) When x = 0, y = 8 
We know that the graph is a parabola whose vertex is the point 
(—%, 5142). Since 5'%2 is the minimum value, the curve will open 


upwards. | 
Draw axes, plot the points (0, 8), (—%, 5:2) and sketch a parabola 
through them as shown in the diagram. 


Example 2. ) 
Find the stationary value of 6 — 5% — 2x”, determine its nature, and 
use the result to sketch the graph of y = 6 — 5a — x? 


(i) Letty = 6 — 54% — 2X? 


dy 
AE — —5 — 22. 
UU 3G, eet cB eat 
dx 
ie., when x = —%, 
.. y has a stationary value when « = —%, 
When « < —%, —5 — 2% is positive, .°. ou is positive; 
When * > —%, —5 — 2% is negative, .°. oy is negative. 
Hence when z« = —%, ou =— 0 and changes sign from positive to 
negative. 
y has a maximum value* when « = —¥%, 
Ymax. — 6 a 5 (—%) —— (—%)? 
= 12%. 
Thus the maximum value of the function is 12%, when x = —%. 


Note that the maximum value of a quadratic function is also the greatest value. 


Fig. 9. 

(ii) When « = 0, y = 6. We know that the graph is a parabola 
whose vertex is the point (—%, 12%). Since 12% is the maximum 
value, the curve will open downwards. 

Draw axes, plot the points (0, 6), (—%4, 12%) ane draw a . parabola 

through them as shown in the diagram. 


*To decide this, sketch a diagram +f XS 
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Exercises 15. 


Find the maximum or minimum values of the following functions 
and use your results to sketch-the. graphs: 


1. 22 + 4a — 7. 3. 3 — ba — 22, 5. (« — 4)(% — 5). 
2), 247 — 24 + 1. 4. 9% — 38x?. 6. «(2 — 2). 


§3-8. Practical applications. 


Suppose that a farmer has 500 metres of fencing and wishes to 
enclose an area, rectangular in shape, using part of an existing fence as 
one side. The area which he can enclose will depend on the dimensions 
he selects. For example, if he makes the width 100 metres, the length 
will be 500 — 2 X 100 = 300 metres and the area will be 100 «* 300 = 
30 000 square metres; but if he makes the width 50 metres, the length 
will be 400 metres and the area in this case will be only 20000 square 
metres. What dimensions will give the greatest possible area, and what 
is this area? 


EXISTING FENCE 


500- 2x 
Fig. 10. 


Let the width be x metres, 

then the length is (500 — 2x) metres, 

and the area is 7(500 — 2x) square metres. 
(0 < « < 250) 


Let the area be A square metres, then A is a function of x. We 

can find the maximum area approximately by drawing the graph of 

= 2x£(500 — 2x) and reading off the maximum ordinate; or we can 
calculate it exactly as follows:— 


A = «(500 — 2%) 


= 500% — 2x, 
ses = 500 — 42. 
dx 
Lbs = 0 when 500 — 4% = 0; 
dx 
i.e., When % = 125. 
; ah . dA, oe 
when « < 125, 500 — 44 is positive, .’. or is positive; 
‘ : . aA, ; 
when x* > 125, 500 — 4% is negative, .’. Ae is negative. 
Hence, when c= == “125, — 0 and changes sign from positive to 
negative; 
A has a maximum value when x = 125; 
Amax, == 125(500 — 250) 
= $1 250. 


Thus the greatest possible area is 31250 square metres and is 
obtained when the width is 125 metres and the length is 250 metres. 


‘ALGEBRA AND CALCULUS I -_ 4“ 
Exercise 16. 


1. Find the greatest area of ground that can be enclosed by 60 metres 
of fencing if part of an existing wall is to be used as one side of a 
rectangular enclosure. 


2. A man has 800 metres of fencing and. wishes to enclose an area 
rectangular in shape. If the enclosure is x metres wide, show that 
its area is +(400 — %) square metres; hence find the dimensions of 
the greatest possible enclosure. — 


3. What is the greatest product that can be obtained by multiplying 
together two numbers whose sum is 20? 


(Suppose that one number is x and obtain the product, y, in 
terms of 2.) 


4. A stone is projected vertically upwards and its height above the 
ground, s metres, after seconds is given by s = 40¢ — 5t?. What is 


_ 


the greatest height it reaches? Caio 


Fig. 11. Fig. 12. Fig. 13. 


5. Figure 11 shows part of some rectangular guttering, open at the top, 
which is made by bending a thin sheet of iron 10cm wide (so that 
in the diagram wv -+ 2y = 10). If the area of the cross section is 
A square centimetres, show that A = 4%(10 — 2%); hence find the 
value of x for which the cross-section is greatest. r 


/ 
od 


Snanienge: Questions 


6. The perimeter of a rectangle is 20 metres. Find its dimensions if 
the diagonal is to be a minimum (see Figure 12). 
(Note that BD is least when BD? is least.) 


7. Figure 13 shows the graphs of y = 4%”? and y = x« + 3. If AB is 
parallel to Oy, find its greatest length. 


§3-9. Determination of denne values of cubic and polynomials of 
higher degrees. 


The derived function of a cubic in x will be a quadratic in x. We 
require to find the values of x (if any) which make the value of the 
quadratic zero and to investigate the changes in sign of the quadratic at 
these values of x. Any method which gives this information may be used. 
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Example 3. 


To find the maximum and minimum values of the function 
yY = 2x? — 3x? — 12% + 5. 


y = 203 — 38H? — 12% + 5 


dy _ 
az = 67° — 62 — 12 
— 6 (2 — %*%— 2) 
= 6(% — 2)(# + 1). 
dy _ = 
. 0 when (%# — 2)(a + 1)9 = 0 


ie., when ® = —I1, 2. .......2% (a). 


The changes in sign of ou as 2 increases are shown in the table 
below. 


eee Coe eo ool [cana aasasnaa/snerlanmmiame«dsd£, lens: sms: edeiedeeeamimmeneeet 


— 0 0 
va Xs a ye 
maximum 
Hence | 
(i) when + = —1l, ou — 0 and changes sign from positive to 
negative. 
’. y has a maximum value when 7 = —1; 
Ymax, = 2(—1)*® — 3(—1)? — 12(—1) 4+ 5 
= 12. 
(ii) When xz = 2, oid = 0 and changes sign from negative to positive. 
y has a minimum value when « = 2; 
Ymin. = 2(2)? — 3(2)? — 12(2) 4+ 5 
= +15, 
' NOTE: 
(i) The values of x which make a = 0 are arranged in ascending order and examined in that 
x 
order. 


(ii) In determining the change in sign of coe we consider “‘x less than’”’ first. 
8 8 § Ae 
iii) When considering the sign of By for values of x greater than —1, we are definitely restricted 
dx 2 


; . . a : 
to the interval —l < x << 2 since at xr = 2 a again equals zero. 
x 
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Alternative methods. 


After reaching the step marked (a) in the working shown above, we 


may proceed as follows to determine the changes in sign of ou 
Since 6%? — 64% — 12 is negative only when —1 < & < 2, oy changes _ 
sign from -+ to — at « = —1 and from — to + at zw = 2. 
Then continue with | 
“". y has a maximum value when x = —1’’, etc. 
or 


. We may sketch the graph of f’(x) = 6(% + 1)(* — 2) by finding 


the points at which it cuts the 7#-axis. 


From the graph, 


ou is positive when « < —1; 


oy is negative when —1 < 4% < 2; 1 


dy 


Th a a 
eid is positive when 2 > 2. eVSEAD On 
Then continue with “Hence (i) when + = —1, cu = 0 and” etc. 
Example 4. 


Determine whether or not the function y = 2 -+ 3”? + 6% + 7 


has stationary values. 


y= w+ 8a27 + 64 + «7 
== 8(@? + 20 4 2) 
= (a? + 22 +1+4 1) 
— 3{(@ + 1)? + 1}. 


The expression (x + 1)? + 1 is positive for all real values of x, and 


so cannot be zero for any real value of x. 


. d 
Since a cannot be zero for any real value of 2, 


the giver function does not have any stationary values. 


Figure 14 shows the graph of the function. 
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The graph of y = x3 + 3x2 + 6x + 7: 
Fig. 14, 


Exercise 17. 


Find the stationary values of the following functions (1 to 10) and 


distinguish between them: 


1. 
2. 


3. 


11. 


12. 


13. 
14. 


4. 
5 


y= 2%3 + 3827 — 12% +10. 6 y= (# 4+ 2)7(4 — 1). 

y = 2u° — 16a? 4+ 864 — 1 Ly = oe, 

y = 403 — 15x”? + 18% — 20. 8 y = w2(4% + 1)2. 

y = 8 — 15a”? — 223, 9 y = (« — 6)(1 — 2) (a + 2). 
y= “(x — 1). 10. y = (# — 8)(% + 2)(a% + 5). 


Challenge Questions 


Show that the expression 13 — 24% + 9a? — x increases in value 
as x increases from 2 to 4, and after that decreases as x increases. 


j 


If y = 323 — 3a2 + x — 4, show that SY = (3% — 1)2, Hence show 
that 37° — 377 + a2 — 4 has no maximum or minimum value. 


Show that 7? + 24% + 11 has no maximum or minimum value. 


Ify = 10+ 24% + 3277 — 2x, show that y has a maximum value of 
90 when x = 4. When x = —6, y has the value 190. Explain this. — 
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§3-10. The graph ofy = x 
When 2 = 0, y = 0, .. the curve passes through the origin. 
When x is negative, y is negative and when 2 is positive, y is positive. 


dy 


aL __ ame 
de — 3*°: 


dy _ ee 
Ge — 9 When 32° = 0; 
i.e., when % = 0. 


’. y has a stationary point when « = 0. 


; dy . ; 
Since a is never negative, 


y cannot have a maximum or a minimum value. 


y has a point of inflection at « = 0. 


x< 0 


ly| decreases to 0 increases 


positive, but positive and 

| decreasing increasing 
rising, but less rising, more and 
and less steeply more steeply 


Hence’ we obtain the following information about the graph of 
y = x*®, When ~ is large negative, y is large negative and the graph is 
rising steeply; as the values of x increase to zero, the values of y remain 
negative, but decrease in magnitude, and the graph continues to rise, 
but less and less steeply; when « = 0, y = 0 and the graph is “flat” at 
the origin; as the values of x increase from 0 to large positive, the values 
of y become positive and increase without limit, the graph rising more 
and more steeply. See Figure 15. 


The graph of y = *°. 
Fig. 15. 
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Example 5. 
Sketch the graph of y = x? + 4x”? — 3x” — 18. 


ou — 877 + 8% — 8 
= (384% — 1)(# + 83). 
oe ou = 0 when « = —3, %. 
Since 3x72 + 8x% — 8 is negative only when —3 < 2 < ¥%, oy changes 
sign from -+ to — when « = —3 and from — to + when # = %. 
y is a maximum when « = —3 and a minimum when z = %. 
Wie. ee OT te OE ae Ouse 1S 
== 0. 
Ymin. = ¥%7 + 4% — 1 — 18 
= —19. 


This information is shown graphically in Figure 16(a). 


Fig. 16(a). Fig. 16(b). 

Now when |x| has a large value we may estimate y by considering 

the term 2° only (since terms of a lower degree will be comparatively 
small and hence not change the result appreciably). 


Since x and «#* have the same sign, 
when « is large negative, y is large negative, 
when ~@ is large positive, y is large positive. 


The completed sketch is shown in Figure 16(b). 


Exercise 18. 


In questions 1—8 sketch the graph of the function given. 


1. 2? — Tx? — 5a + 8. 5. —x, 

2. 24% + 9x? — 2x, 6. 10 — 22°. 

3. v8 + 20% — 7TH + 4. 7. x2(e% — 5)? 

4, 8. ( — 1)(@ + 1)(@ — 4). 


x® +. 4, 


10. 


11. 


12. 
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If y = (# + 5), show that oy = 3(% + 5)?. What information 
does this give about the graph of y = (x -++ 5)3? Sketch the graph. 
Show that y = 1 + 32 — 622 + 47° has no maximum or minimum 
values. Sketch the graph of this function. 

Draw a graph of y = f(x) if ou = 6 for all values of x. How many 
such graphs can be drawn? 


oy 


Draw a graph of y = f(2) if = 2 for all values of x. How many 


- such graphs can be ae 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
21 td 


22. 


If y = x, sketch the graph of oy and indicate the information it 
gives about the gradient of the curve. 


Repeat question 138 for y = —2. 


(Challenge Questions 


Show that the gradient of the curve y= x? — x — 12 increases 
continually as x increases. 


Show that the gradient of the curve y= 2— x — «x? decreases 
continually as x increases. 


Trace the changes in the gradient of the curve 

y = 2x° + 3%? — 36% + 1 as & increases. 
dy 
dx’ 
Trace the changes in the gradient of the curve 

y = 11 — 94 + 62? — 2x as & increases. 


Illustrate your answer by drawing a graph of 


A rectangular sheet of tin is 8 metres by 5 metres. Equal squares 
are cut out at each of the corners and the remainder is folded so as 
to form an open box. Find the maximum volume of the box. Is it 
possible to construct a box with minimum volume? 


Repeat question 19 for a sheet 8 metres by 3 metres. 

A cylindrical vessel is to be made out of 100 sq. cm of sheet tin. It 

has no lid. If the radius of the base is 2 cm, show that the volume 
3 

(v) is ( 502 — 7) cu. em. 


2 
What is the greatest volume of this vessel? 


Find the 2-coordinate of the point on the graph of 
y = x“ — Tx? + 15% — 9 at which the slope is least. 


a: 


10. 
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Section 3. — Revision. 


If y = «2 — x — 12, calculate the gradient at the points on the 
graph for which (i) « = 0; (ii) « = 4; (iii) v = 1. How does the 
gradient behave? How does the curve behave? 


Sketch curves to illustrate the following conditions and state the 
nature of the stationary value of y in each case: 


e dy ° e “ dy pare . dy - s ay 
{i) x < 3, Ae is negative; at (8, 0), in 0:2 3, ae is negative; 
ee dy e eo,°0 < dy 7 ‘ dy Ay 24.8 ° 

(ii) « < il, rf is positive; at (1, 4), ie 0;“%> 1, Ae is positive; 
eee dy e e ° e dy __ e dy 
Gii) « < —2, Aa is positive; at (—2, —2), i 0; x > —2, ae 


is negative; 
(iv) x< 0 dy is negative; at (0, 4) dy _ 0:;x%>0 dy is positive 
| > dx , a ace) | a > da 


If y = 8 + 4% — 2?, calculate the gradient at the points on the 
graph for which (i) «= 1; (ii) « = 2; (iii) « — 3. How does the 
gradient behave? How does the curve behave? 


Give an account of the procedure for examining a function for 
maximum or minimum values. Illustrate your answer with sketches. 


Find the stationary values of the functions given, determine their 
nature and use the results to sketch the graphs. 


(i) y = 2 — 6% — 8; 
(ii) y= 4+ 6% — 2X. 


The sum of two numbers is 12. Find the largest value of their 
product. 


A rectangle has a perimeter of 64cm. Find the dimensions of the 
rectangle when the area is greatest. 


Find the maximum and minimum values of the following functions. 
Illustrate each answer with a sketch. 
(i) y = v — 3x7 + 7; 
(ii) y = x — 32? — 24% 4+ 7; 
(iii) y = 5 + 122% — 2°; 
(iv) y= 3 + 484 + 5a? — 2, 


Show that the following expressions have neither maximum nor 
minimum values and illustrate your answers with sketches: 


(i) 87% — 12%? + 6a — 1; 
(ii) 27 — 27% + 9a? — x3, 


Sketch the graph of y = (x# + 1)%. 


11. 


12. 
13. 
14. 


15. 
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Investigate the changes in the gradient of the curve 

y= xv — 8a? — 9% + 22. 
When is the gradient least? Illustrate your answer by drawing a 
graph of oY | 


Determine whether or not the function y = x*° + 32? + 6% + 2 has 
stationary values. 


Find the maximum and minimum values of the function 


(% — 3)(% + 2)(% + 5). 


Examine the function y = (x — 1)3(3% + 5) for maximum and 
minimum values. 


If (w% — 2)? (4 + 3) < 0, which of the following statements are 
necessarily true, which necessarily false? 

(a) «+ < —8; (d) * > 2 and2< —3; 

(b) & > 2; ~~ (e) «= —4, 


(ec) —3 < & < 2; 
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SECTION 4. 
FURTHER DIFFERENTIATION 


§4-1. Miscellaneous applications of the derivative of a function. 


Example 1. 
/ 


Verify that the point (1, 4) lies on the curve y = x? — aw + 4. 


Find the equation of the tangent to the curve at this point. 
(i) What are the intercepts of this tangent on the axes? 
(ii) What is the length of the interval on the tangent cut off by 
the axes? 

xe — 2 + 4, 

When? = 1l1,y=1-—-1+4= 4, 
the point (1, 4) lies on the curve. 
dY aw 


Whe 40 8 a eee 
ax 


the gradient of the tangent at the point (1, 4) is 2. 


The equation of this tangent is y — 4 = 2(a% — 1), 
(Using the form y — y1 = m(x — x1).) 


ie, y = 20 + 2. 


(i) When x = 0, y = 2, .. the intercept on the y-axis is 2. 
When y = 0, © = —1, .’. the intercept on the z-axis is —1. 


(ii) From (i) the tangent cuts the axes at the points (0, 2) and 


The length of the interval on the tangent is the distance between 
these points. 
Using the distance formula, d = \/(%_ — #1)? + (Ye — Y:1)? 
| the required length = \/(—1 — 0)2 + (0 — 2)? 
A/D. 
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Example 2. 


Show that two tangents with gradient 6 can be drawn to the curve 
¥Y = 22° — 3x? — 6% + 4. Find the equations of these tangents. 


y = 203 — 322 — 6x + 4. 


dy aro 
. dy . | 
“Ge — 8 when 6% — 6% — 6 = 6, 
i.e., when x2? — x — 2 = 0, 
ie., when (« + 1)(# — 2) = 
- dy — 6, when x = —1, 2. 
dx 7 


Hence there will be two tangents to the curve which have a gradient 
6, one when x = —1 and one when w# = 2 


When @ = —1l,y= 2(— 1) Pe SC 1)? — 6(—1) 414 
| _ ==. De 


*, at the point (—1, 5) the gradient is 6 and the equation of the 
ieere to the curve at ‘this point is 


y—5 = 6(@% + 1), 
ie, y = 6% + 11. 


Similarly, when x = 2, y = —4. 
*, at the point (2, —4) the gradient is 6 and the equation of the 


tangent is 
ie., Y = 6% — 16. 


In Section 3 it was mentioned that the minimum value of a 
quadratic function is also the least value, and the maximum value of a 
quadratic function is also the greatest value. 


Moreover, a quadratic function has just one turning value. 


Now we can also use the derivative to find the greatest and least 
values of a function for a given range of values of the variable. However, 
the function must be continuous over the given range. Continuous 
functions will be discussed more precisely at a later stage. Roughly 
speaking, a function is continuous if it is represented by an unbroken 
curve, i.e., there are no “gaps” or “holes” in its graph. A function is 
continuous at a point, if in the vicinity of that point and at the point 
the graph can be drawn without lifting the pencil off the paper. A 
function is continuous over a range of values of the variable if it is 
continuous at each point in that range; it is continuous over the whole 
domain if it is continuous at each point in the domain, ie., the graph 
can be drawn without lifting the pencil from the paper. 
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Example 3. 


Find the greatest and least values of the function y — 7? — 5a% + 4 
for values of x such that —1 < 2% < 4. 


y= uv — 5a + 4, 


dy _ 
ax — 2% — 5. 
oY — 0 when 22 — 5 = 0. 
x 
: 5 
i.ec.. When % = > 
when % =. 2, y has a stationary value. 


Since y is a continuous function and the only stationary value of y 
occurs when 2 = 2., the values of y cannot change from decreasing to 


: : : i ; D 
increasing or from increasing to decreasing except when x = 3° Hence, 


in the interval given by —1 < x < 4, the greatest and least values of y 
must occur at an end point of the interval or at the stationary point. 


When « = —1, y = (—1)? — 5(—1) + 4 = 10; 
; 5 a tes Dd 1 
when *7 = 4,y = 47 — 5(4) + 4 = 0. 


By inspecting these results, we see that the greatest value of y is 10 


and the least value is —27- 


These results can be confirmed by inspecting the diagram below: 


The graph of y — x’? — 5x + 4 = (x — 1)(x — 4). 
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Example 4. 


The side of a square sheet of metal is 6 metres. Four equal 
squares, of side x metres are cut out, one from each corner. The edges 
left are then turned up to be perpendicular to the base, and so form an 
open tank. Show that the volume V of the box is given by V = 36x” — 242? 
+ 4x3, Find the value of which makes the volume greatest. 


Xx 6-20 


Fig. 1(a). Fig. 1(b). 
The shaded portions of Figure 1(a) show the small squares cut from 


the corners of the 6m x 6m sheet of metal, and Figure 1(b) shows the 
tank made up. 


(i) The height of the tank will be x metres and the edge of the 
Square base (6 — 2x) metres, so that 0 < x < 3. . 


Hence V = «(6 — 2x)? 
— “(86 — 24% + 42?) 
= 86% — 24a? + 423, 
(i) W = 36 — 480 4 1207 
| = 12(8 — 44% + 2?) 
= 12(38 — 2)(1 — 2@). 
ol = 0, when (38 x) (1 L) ==-0 
ax — 9 _ [a4 — > 
ie. when *® = 1 or when x = 3. 


We reject the value z — 3, since the corresponding value of V is 0, 
and test 7 — 1 


When z < 1, oy is positive; 
av . ; 
When «x > 1, da 38 negative; 


*, when z = 1, w changes sign from positive to negative through 
zero.* | 


V has a maximum value when #% = 1. 
Vmax, = 86.1 — 24.17 + 4,13 
= 16. 
.. the greatest volume of the tank is 16 cubic metres. , 


*The change in sign of av. may be obtained 4 ! 
dx J 


from a study of a sketch of the graph 
y = 3 — 4e + x’. 
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In practical applications of the derivative, such as the last example, 


the quantity for which the least or greatest value is sought must be 
expressed as a function of a single variable. In this case each dimension 
of the tank was found in terms of x and so V could be expressed as a 
function of x. It should be noted that since V must be positive we are 
concerned only with values of x such that 0 < x < 3. (If « 2 3 
there would be no tank.) Over this range the maximum value of V is 
also the greatest value. 


10. 


11. 


Exercise 19. 


. Find the gradient of the given curve at the point P on it whose 


x-coordinate is given: 

i) ye a, a, = 1; 

(ii) y = 2 — 2a? 4 dex — 10, & = 2; 
(iii) y= 1 — « — 38x? — 223, x = —1; 
(iv) y=i1-4 2% — x? — 3x3, x = 0. 


Use the results of question 1 to find the equations of the tangents 
to the curves at the given points. 


Show that the point P(1,4) lies on the curve y = 273 + aw? — 3% + 4. 
Find the equation of the tangent at P and find the intercepts which 
it makes on the axes. If the tangent cuts the axes at A and B, 
calculate the length of AB. 


If f(v) = 7+ 12” — x, show that f(—1) — —4. Find the equation 
of the tangent to the curve y = f(x) at the point where + = —1. 
If the tangent cuts the axes at P and Q, calculate the length of PQ 


Verify that the point Q(2, 17), lies on the curve 

y = 203 — 3807 + 64% 4+ LL. 
Find the equation of a line passing through Q and perpendicular to 
the tangent at Q. 


The point R, whose 2#-coordinate is 1, lies on the curve whose 
equation is y = 4 — 24% — 3x? — «x. A line is drawn through R 
perpendicular to the tangent at R. Find the intercepts which it 
makes on the axes. 


Find the coordinates of a point on the curve y = x? — 2% — 8 at 
which the gradient is 2. Use your result to find the equation of the 
tangent to the curve at this point. 


Find the equation of a tangent to the curve y = x7 — x — 1 which 
is parallel to the line y = 4 + 4 


Find the equation of a tangent to the curve 1 — 2% — 2x? 


which is parallel to the line 2y + 44 — 3 = 


os 
| 


Find the coordinates of points on the curve y = #°? + 7? +444 4 
at which the gradient is 2. 


Find the coordinates of points on the curve y = 2%° — 3x7 — 6% + 5 
at which the gradient is 6. 


12. 


13. 


14. 


15. 


16. 


47, 


18. 


19. 


20. 


21. 


22. 


23. 


24. 
25. 


26. 


27. 
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Find the equations of the tangents to the curve y = 5 + wv + 4a? — x 
which have a gradient —1. 


Find the equations of the tangents to the curve 
y¥— UB — 2a? 4+ 2a +1 
which are parallel to the line x — y+ 3 = 0. 


Find the equations of the tangents to the curve 
y= w — 2a7 + 24 +1 
which are perpendicular to the line 2y + 4 — 2= 0. 


Find the greatest and least values of the function y = x? — 24 + 4 
for values of x such that —2 < # < 2. 


Find the greatest and least values of the function y = 4 — 6” — 32? 
for values of 2 such that —3 < x < 0. 


Find the greatest and least values of the function y = 20 — 3x? — x3 
for values of x given by —2 < 2% < 2 : 


Find the greatest and least values of the function 
y= “ve — Ba? + 84% — 1 for —3 < & < 38. 


The side of a square sheet of metal is 4 metres. Four equal squares 
of side x metres are cut out, one from each corner. The edges left 
are turned up to form a tank. Show that the volume V of the tank is 
given by V = 164% — 162? + 42°. Find the value of x which makes 
the volume greatest. 


A box is made in the way explained in Question 19 from a sheet of 
metal 2 metres by # metre. Find the greatest possible volume of the 
box. | 


A rectangular block with a square base has a total surface area of 
150 sqcem. If the edges of the base are each x cm long, prove that 
the volume of the block is 4(75% — 2°) cu.cm. Hence find the 
maximum possible volume of the block. 


Challenge Questions 


y = f(x) is a cubic polynomial which has stationary points at x = 1 
and « = 3. If f(1) = 1, f(8) = 3, and f(5) = 0, find the values of 
x for which f(x) > 0. 


Show that the function 7 -+ 277 — 34? is positive for all values of x 


less than 1. 


If f(v) = 5 + 9x4 + 3x? — x3, show that f(x) is negative for % > 5. 


Two parallel tangents to the curve y = xv? — x? + 1 make an angle 
of 45° with OX. Find the distance between them. 


If the graph y = 42° + 6x”? — 24x + c cuts the z-axis once only 
show that c > 14. Infer a corresponding statement for c if the 
graph of y = c + 24x” — 6x”* — 4x® cuts the Y-axis once only. 


Find the value of « for which the sum of the corresponding ordinates 
of the curves y = 22° + 877 — 12% + 5 andy=—2#’4+ 444+ Tisa 
maximum, and show that, for this value, the corresponding ordinate 
of one curve is a maximum while that of the other is a minimum. 
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§4-2. Rate of change. 


It has been mentioned that the concept of the derived function 
arose from a consideration of the gradient of a curve, and from the 
determination of rates of change. We are familiar in the physical 
world with change. Sometimes the change is rapid, sometimes quite 
slow. An insect’s wings beat rapidly as it flies, sometimes so rapidly 
that the movement cannot be followed by the eye. Plants grow and so 
their size changes but very slowly, again so that the eye at any moment 
usually does not detect the change. 


Because it is familiar we shall consider the change in position of a 
motor car moving in a straight line. There is an instrument in the car 
which measures the rate of change of position, namely the speedometer. 


A log-book of a car journey, which records the total distance 
covered at hourly intervals, can be used to calculate the rate of change 
of position over a given time interval. | 


For example, we can use this table, 


Time in hours 


rere || eee | ee Te || AERA ere |f SEEPS sets 


Distance in kilometres 


to make the following observations. In the first hour 30km were 
covered at an average speed of 30 km/h, in the first two hours 100 km 


were covered at an average speed of = 50 km/h, although in the 


second hour the average speed was 70 km/h, and so on. The average 


speed for the whole journey was ae = = 50 km/h. 


The distance depends on time and we can denote it by f(t) because 
for each value of @ (time) there is a unique distance. The average speed 
over a time interval beginning at ft, and ft.) at t is calculated from 
f(t.) — f(t) 


the formula, average speed = ; ; 
2. My 


Now in many cases the important speed is not the average speed 
but the instantaneous speed. If the car is involved in a collision, the 
important factor for the occupants of the car is the speed at the instant 
of impact. This can be obtained by introducing the concept of limit. 
We make the time interval f — t, smaller and smaller, and so obtain a 
better and better approximation of the instantaneous speed at {&. 
Therefore, the definition of instantaneous speed is given by instantaneous 


f(te) — f(t) 


speed at t; = lim ; ; or if we put & = ¢t, + h, instan- 
to = ty 20 1 

taneous speed at t+, — lim AC ae eee provided this limit 
h—0 


exists. Note that this is the value of the derivative of f at 7%. 
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Quotients of the type used for average velocity can be used for 
many other situations involving rates of change. Acceleration is the rate 
at which velocity is changing. To find the average acceleration over the 
interval of time beginning at ¢,, and ending at ft, we find the values of 
the instantaneous velocity v(t,) and v(t.) corresponding to the two 
V(ts) — VC) 

te — ty 
v(t, + h) — v(t), 
h 


values of € and use the formula, average acceleration = 


Hence the instantaneous acceleration at tf; = lim 

: h—0 
provided this limit exists. Again note that this is the value of the 
derivative of v at ¢,. 


Now V = f(t) may represent the quantity of water in a tank at 
f(t2) — f(t) 
tl, — ty 
the volume of water in the tank changes over the time interval beginning 


at t, and ending at t, and lim Ka +) — 1) 

h— 0 | 
instantaneous rate of change of the volume of water at time ¢,, provided 
that this limit exists. 


time ¢t. In this case represents the average rate at which 


represents the 


The atmospheric pressure at a particular time and place depends 
upon the height above sea level; we may write P = f(a). The expression 
f(@2) — f(a) 

a2 — Ay 
pressure changes as the height changes from a, to ad; in this case 
lim f(a, + ~) — f(a) 
h—0 
pressure sae at height a,, provided that this limit exists. 


represents the average rate at which the atmospheric 
measures the instantaneous rate at which the 


In these examples, instantaneous rates of change at time t;, and at 
height a, have been defined as limits of quotients with denominator h. 
It is usual to discard the use of subscript as the following examples show. 


Example 5. 


The energy E in ergs stored in a spring is given by the formula 

EK. = 1000x”? where w is the compression in cm. The rate of change of 

the energy with respect to the compression is called the thrust of the 

spring. Express this in terms of x and find the energy and thrust at 
£. == 15: 


Let T be ane thrust where the compression is 2, and E = f(x). 
h— 0 


d 
T= gq,» 


iS £ (10002) 


T = 2000x | 
ie: = 1000x?, and T = 20002. 
When * = 1:5, E = 2250, T = 3000. 
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Example 6. 


The equation x = 5 + 4¢ — @ gives the position mM from the 


starting point at time ¢ seconds (¢ > 0) of a particle moving in a 
straight line. Find: 


(i) the average speed in the time interval from t to ¢ + A, 
(ii) the instantaneous speed at time 1, 
(iii) the speed when ¢ = 1. 


Let instantaneous speed be v at time ¢; « = f(f). 


_ ft +h) — ff 
Then average speed from time tf tot +h = (oon at 


Now f(t + h) = 5 + 4(é + h) — (t + h)? 
“ f(t h) = 5 + 4¢ + 4h ~— & ~ Qht — he 


f(¢) 5 ae 4b 2, 
—_ eos 2 
average speed over the time interval — th — 2ht — ht 
= 4 — 2b — Bh (hh FD) eect ae (i) 
Instantaneous speed at time ¢ = lim fer) — 1 
| h— 0 
= lim (4 — 2¢ — h) 
h— 0 | 
er SRE] EI et ne a TTY A TT TT See aE Oe (ii) 


speed when t= 1 is 4 — 2(1) = 2m/s. 


§4-3. dy as a rate of change. 


dc | 
In particular because oy — lim Meee et), we can say 
ae Ax —> 0 At 
that ou measures the instantaneous rate at which y changes at the 
value x. | | 


Exercise 20. 
Express in symbols the following statements, numbers 1 - 5. 


The rate of change of the velocity vcm per second of a falling 
body w.r.t. (with respect to) the time ¢ seconds is a constant. 


The rate of change of the pressure P kg per square cm of a gas 
w.r.t. the volume V cubic cm is —0:05. 


The radius 7 cm of a sphere is expanding at the rate of 0-1 cm per 
second. 


The volume V cubic cm of water in a tank is increasing at the rate 
of 3 cubic cm per second. 


The area of a blot of ink on a sheet of blotting paper is increasing 
at a rate of 0-1 square cm per second. 


If V cubic cm is the volume of a sphere of radius 7 cm, it can be 


shown that vv = 4rr?, What does this mean? 


7. A blot of ink on a sheet of blotting paper is in the form of a circle 
which grows bigger and bigger. Find the rate at which the area is 
increasing with respect to radius. -Hence find the rate when the 
radius is (i) 0-5 cm, (ii) 1 cm. 

8. A small sphere is suspended in a solution which coats its surface 
evenly with a deposit. Find the rate at which the volume is 
increasing with respect to the radius when the radius is 0-4 cm. 

9. The volume (Vcm*) of water of depth h cm in an inverted right 
circular cone of semi-vertical angle 45° is given by V = = ah’, What 
is the rate of increase of volume with respect to depth when the 
depth is 5cm? 

10. A body moves in a straight line so that after ¢ seconds it has 
travelled a distance of ~ cm. where x = 8¢ + #. Find its average 
speed: 

(i) in the first second, 

(ii) in the second second. 
Find also its instantaneous speed at: 
(iii) ¢ = 1, 

(iv) € = 2. 

11. A car travels y km while using x litres of petrol. What is meant by 
the equation a = 20? ; 

12. If v cm? is the volume of gas in a cylinder when the ‘pressure is 
p kg per cm?,. and = — —2, what does this equation mean? 
§4-4. The derivative of the reciprocal function, y = +. | 

Let (7, y) and (x + Az, y + Ay) be neighbouring points on the 
curve. 
1 
Then y = ae 
and + AyY= ee 
Y Y= % +. Ax’ 
1 1 
Y= eae” @ 
_ & — x4 — AX 
~  #e(% + Ax) 
_ — Ax 
— e(@ + Aw) 
AY __ —1 
Av “(x + Ax) ea 
When Ax — 0, 54 eee 
AX Od 
lim Ay  —1. 
Ax — 0 At ae ie 
dy _ 1 
Hence eee 
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Note: This result may be written (wt) — —fZ-%, 
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= | seats 1 9 
In a similar manner the derivative of or) can be shown to be — 3 


and the derivative of a can be shown to be 7 These results may 
be written —— < (e) = —2x- and £ (a) — —3r-, 


We infer from these results that 
when y = 2, where n is a negative integer, 
dy _ 
dx 
This result will be proved later in this section from the rule when 

y = x", where n is a positive integer, 

dy _ 
dx 


nx7-1 


nx2-1, 


Exercise 21. 


Find the derivatives of the following functions: 


1 1 . 4 ve + x 
‘ Php a a 
2 5 2 
2. oi 6 , where c is a constant. 10 ad “ a 
2 
a — ie ae 
x 2x? x 
—3 1 1 \? 


§4-5. Function of a function. 


Functions can be combined by the ordinary “arithmetical” operations 
of addition, subtraction, multiplication and division. They can also be 
combined by the method of composition. 


Let f and g be two functions defined on the set of all real numbers 
by u = f(x) = x, and y = g(u) = 2u, ie., f is the “square” function, 
and g is the “double” function. Then we have y = g(u) = g{f(x)}. 
This is also written y = gof. So gof (pronounced “gee oh eff”) 
represents the function obtained by performing f first, and then g, i.e., 
first “square” then “double”. So y = 2x? and we can define gof by 
gof :x— 2x7, Notice that fog is defined by fog : x > (2x)?. Functions 
such as fog and fog are called composite functions. 


Other examples of composite functions are (#? + 1)*, first “square 
and add one’’, then ‘“‘cube’’; cos‘ «, first “take the cosine’, then “fourth 
power”; \/2x + 1, first “double and add one”, then take the “square 
root’; sin (ax + b), first “multiply by a and add b”, then ae the sine”’; 
log 22, first “square’’, then ‘‘take the logarithm”’’. 
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Example 7. | 
‘If functions f and g are defined by f:% > 2% +. 1 and 9:2 —> 2?, 


find g(f(«)), f(g()), 9(2), #(e), OF (2)), F(9'(2)), (Gof) (2), 
and (fog)’(x). 
We have f(x) = 2% + 1, and g(x) = 2? 
and so g(f(%)) (f (#))? 
| (2% + 1)? = 44? + 4% 4+ 1. 
Again f(g(x)} = 2(9(#)) + 1. 


— 207 + 1. 
Now g’(%) = derived function of g at x = 22, 
and f’(x) = derived function of f at x = 2. 


Hence since g’ : x —> 2x and f’ : x -—> 2, 
g'(f/'(#%)) = 2f’(@%) = 4 and f’(g’(%)) = 2. | 
Since g(f(#)) = 4a? + 4% + 1, then gof:%-— 4”? + 47 4+ 1, 
and since f(g(x)) = 242 + 1, then fog : x —> 2a? + 1. 


Therefore (gof)’(x) = derived function of (gof) at x = 8x + 4, 
— and (fog)’(x) = derived function of (fog) at x = 4a. 


This suggests that the derivative of a composite of two given 
functions is not the same as the composite of the derivatives of those 
given functions. We shall now investigate the derivative of the composite 
of two functions. The composite of two functions is also called a 
“function of a function”, and so we are looking for a rule for finding 
the derivative of a “function of .a function’. 


§4-6. The derivative of a function of a function. 


Suppose that we wish to find the derivative of a function of a 
function, e.g., (7? + 1). 


If we denote (x7 + 1)? by y, then 
y = (# + 1)° 
= “7 + 3a4 + 327 4+ 1. 
6v® + 12% 3 + 6% 
= 6%(%* + 2x7 + 1) 
= O20 ea) A hs oiainancte nadie (1) 


Now let wu = x + 1, then the original expression may be written as 
y= us, 


dy 
°° dx 


Differentiating y with respect to u, we have 


| = 8(27 + 1). . 
Now 3(2* -+ 1)? is a factor of 67(x? + 1)". Rewriting the expression 
dy : | 

Ae to show this, we have 


6x (x? + 1)? = 8(xe? + 1)2.22. 


for 
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But 2x is the derivative of 27 + 1 with respect of 4%, i.e, 
26° since uw = “2 + 1. Substituting these values in (1), we have 
dy 


pak ae 2 2 
os 6x (v7? + 1) 
—= 38(2? -++ 1)7.2% 
_ dy du 
~ au dx 


It will be proved in Section 6 that this result is true generally, i.e., 
if y is a function of u, and u is a function of x, then 


dy _ dy du 
dx du dx’ 


This theorem is sometimes called the “chain rule’’. 


Assuming this theorem, we arrange the answer to the above question 
as follows: 


To find the derivative with respect to x of (xv? + 1)3. 
Denote (#2 -- 1)° by y, 


then y = (#2 + 1)8 
— u’, where u = a? + 1. 


dy dydu,.,. 
Since dc = Gud (chain rule), 
dy 4 
= 38.(v? + 1)?.2% 
= 6x (2 + 1)?. 


The “chain rule’? may also be stated, 


if y = f(u) and u = g(x), then cy = f’(u) .9"(Xx) | 


or (fog)’ = (f’og) 9’. After a little practice it should be possible to 
find the derivative of a composite function without using wu, and to 
write the result down from these statements of the theorem in function 
uotation. 


Example 8. 


Use the “chain rule’, the derivative of «x1, and the theorem 
o (x") = nx" where n is a positive integer, to find the derivative of 
xz” where 7 is a negative integer. 
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Since n is a negative integer, let nm — —m where m is a positive 


integer. | 
Let y = 2” 
Lec: UO Sa 
= (0%) since ar? = (a")?. 
Then y = u”, where u = x}, 
Since wy = ot Te (chain rule), 
a = (mum). (—10-*) 
— —m (x-1) m-1y-2 
= —ma-7!1 
= ne-!, 
Exercise 22. 
1. If y = (2% + 1)3, find oy (i) by first expanding the R.H.E. and 


(ii) by using the chain rule. 
2. Repeat Question 1 for the function y = (a”? — 2)3, 


Find the derivatives of the following functions: 


3. (v2 + 1)4. 8. (x7? + 32)7 ~ 

4, (2% + 4)8, 9. (x? — x — 6)?. 

5. (5 — 3x)? 10. (8%? — 4% + 6)3. 
6. (1 — x)5, 11. (5”3 — 497? + a). 
7. (1 — _ 23)5, 12. (% — 3%?)5, 


13. (ax + 6)?, where a, b are constants. 
14. (a — 2x)*, where a is a constant. 

15. (7 — 22)3. 

16. (ax -- b)", where a, b, n are constants. 
17. (p — qx)", where 7p, g, m are constants. 


1 1 1 6 
8 op 0 Ge 2 ETT 4 24. aa a 

1 4 3 | 2 
ee i"*Toge Barth * apa 


Challenge Questions 
26. Find the derivatives of the following: 
(i) x*(x? — 1)*; 
(ii) (7-1 — 1)5. 
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27. 


28. 


29. 
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(a) Find the derivative of sin? x given that £ (sin x) = cos®@. 
(b) If D(e*) = e*, find D(e”*). 


Find the maximum and minimum values (if any) of the function 
(1 + «*)? for real values of 2. 


Find D(cos? 2) + D(sin? 2). 


Section 4. — Revision. 


Find the gradient of the given curve at the point P on it whose 
x-coordinate is given: 

(i) y = 203 + 407 + 4 — 5, &% = 1; 

(ii) y = 4 — 24 — 3x? — 2, x, = —2. 
Use your results to find the equations of the tangents to the curves 
at the given points. 


Give an account of the procedure to be used in finding the equation 
of the tangent to the curve y = f(x) at the point P(%, y) on it. 


It has been said that in testing a given function y = f(x), for maxima 


or minima, the condition ei = 0, is necessary, but not sufficient. 


Explain the significance of the words in italics. What is sufficient 
to establish a maximum or minimum value for a given function? 


Give an account of the procedure to be used in finding the greatest 
and least values of a given function of x for a given interval o 
values of % 


Verify that the point P(1, —1) lies on the curve 
y= xX + 8a? — Gr 4+ 1. 


Find the equation of the line through P perpendicular to the tangent 
at P. 


Find the greatest and least values of the function 
y = «x — 38x? — 9x + 1 in the interval 0 < @ < 5. 


Express in symbols: 


The volume V of a sphere is increasing at the rate of 1 cubic cm 
per second. 


If y is a function of uw, and uw is a function of 2, give a rule for 
finding nt Use your rule to find the derivative of 

(i) (22% — 1)*; 

(ii) (1 — « — aw? — “ty, 

Find from first principles the derivative of. —. 


1 


Use the chain rule to find the derivative of 1 of" 


10. 


11. 


12. 


13. 


14. 
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If D(cos +) = —sin 2, use the chain rule to find 
(i) D(cos? 2); 

(ii) D(cos 22). 

Find the derivatives of: 


(i) (2% — 1)%; 
(ii) (a? — 1)*; 


() oe + 6 
Find the derivatives of: 
| 
x* — 30? + 1’ 
- 1 
(i) te Ds 


a 1 
Find the maximum and minimum values of # + ae 


Find stationary values of (2% + 1)* and sketch the curve. 
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SECTION 5. 


LIMITS AND CONTINUITY 


§5-1. Some geometrical limits. 


Most of the development of the concepts of the calculus took place 
in the seventeenth century, but Archimedes, long before this, had 
explored what is involved in the theory of limits. The definition of the 
derivative of a function uses the idea of a limit, and in our discussion 
so far no precise definition of a limit has been introduced. 


To find the area of a polygon, the Greeks divided the figure up into 
triangles and added the areas of these. This method was then extended, 
with the idea of limits, to find the area bounded by a circle, or any 
closed curve. 


Euclid defined the area of a circle as the limiting value of an 
inscribed, (or circumscribed) regular polygon of ” sides as the number 
of sides is increased indefinitely. 


Fig. 1. Fig. 2. 


Let us consider first the case of the inscribed polygon (Figure 1). 
Radii of length r from the centre of the circle to the vertices of the 
polygon divide the polygon into » congruent isosceles triangles. Consider 
one such triangle OPQ and draw PR perpendicular to OQ. Now the 


yes 
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area of the triangle OPQ = 40Q.PR. The vertical angles of all n | 
isosceles triangles have the same magnitude, ge the sum of their 


magnitudes is 27 radians. Hence angle POQ = oa and PR = 7 sin n : 
Therefore, \AOPQ = ir? sin 2, and area of polygon = SS 7? sin =e 


By the definition, area of circle = limiting value of = r? sin “2 


as ” increases indefinitely. 


Now consider the case of the circumscribed polygon (Figure 2). 
Tangents at the vertices of the inscribed polygon meet at A, B,.... and 
form a regular polygon of nm sides. Lines from the centre to the vertices 
of this polygon divide it into m congruent isosceles triangles. Consider 
one such triangle OAB. Since OB bisects angle POQ, then the magnitude 


of angle POB is a radians. Now the area of triangle AOB — PB.OP 
and PB = r tan a Therefore AAOB = 7? tan a and area of circum- 


scribed polygon = nr? tan a 


By the definition, area of circle = limiting value of nr? tan ae as n 


increases indefinitely. 


Archimedes used these results for the cases nm = 6, 12, 24, 48, 96 
and from polygons of 96 sides was able to approximate z to the range 
31% < a < 31%, where zw is the measure of the area of a circle of unit 
radius. We can gain a clear idea of limit as used in this definition, 
because as 7 increases infinitely, the chord PQ cannot be distinguished 
from the arc PQ, although its length always remains less than the arc 
length. Again as increases indefinitely the line segment AB cannot be 
distinguished from the arc joining the mid-points of arcs PQ and NP, 
although its length always remains greater than the arc length. 


So, although area inscribed polygon < area oF circle < area 
circumscribed polygon, 
ie., 4nr? sin < < a < nr tan a 


A 2a T 
we can make 3n7r* sin mw oF mr? tan 7 as close as we please to xr? 
by choosing a large enough value of n. We write these results, 


° . T ‘ vie 
lim 4nr? sin 2 > 7r?, and lim mr? tan — = a7, 
N—> 00 n> © " 


We do not proceed to establish these limits now, but we shall 


sin 6 a tan 6 
6 6 


consider positive values of 9, where 6 is the radian measure of an angle — 


investigate the values of as 6 gets close to zero. We 
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The table below was compiled in the following way: 
if 15° — 6 radians, 0 = ——~ X 15 = 0-1745 X 15 (m7 = 3-14159). 


180 
Angle 0 sin 6 (sin 6)/6 tan 9@ (tan 6)/6 
15° 0.2618 0.2588 0-9888 0.2679 1.0233 
10° 0-1745 0-1736 0.9948 0.1763 1-0103 
8° 0-1396 0-1392 0.9970 0-1405 1.0064 
6° 0.1047 0-1045 0.9982 0.1051 1.0038 
4° 0.0698 0.0698 1.0000 0-0699 1.0014 
2° 0.0349 0.0349 1.0000 0-0349 1.0000 
1? 0-0175 0-0175. 1.0000 0-0175 1.0000 


(If the calculations were carried out to a sufficient number of 
significant figures, the last three ratios would be found to approach 1, 
not equal 1.) 


sin 6 sail tan 6 
6 6 


as close as we please to 1, if we choose values of 6 which are small enough. 


These results would be written lim ee = 1, and lim pa’ =) 


aso § g>0 ° 
It should be noted, however, that we can give no value to 
sin 6 ae tan 6 


The table indicates that we can make the ratios 


r r when @ is zero, because in this case sin 6 = 0 and 
tan 6 = 0, and . has no meaning. 


We can get some idea of this limit if we return again to the circle 
(see Figure 3). Consider angle POQ at the centre of a circle of unit 
radius, and let the radian measure of the angle be 20. The tangents at 
P and Q meet at B and OB intersects PQ at T and arc PQ at S. Then 
by congruent triangles we have the radian measure of angle BOQ = 6 
and QT is perpendicular to OB, and OQ is perpendicular to QB. 
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Hence TP = TQ = sin 6, arc SP = are SQ = 6 
(definition of radian), , 
BQ = tan 6, and BP = tan 6. 
Now PQ < arc PQ < BQ + BP 
ile., 2 sin 0d < 26 < 2 tan @, 
or sin dé<6é< tan @. 
sn? <1 and ant +1, (6+ 0). 
Now as we make @ smaller and smaller the chord PQ and the 
tangents BP and BQ become indistinguishable from the arc PQ and we 
sin 6 tan 6 
9 and r 
that we make @ small enough. 


Dividing by 6, we have 


can make the ratios as close as we please to 1 provided 


—§5-2. Limits of a function. 

We can also get some intuitive idea of the limit of a function 
because we can see what happens geometrically when we consider the 
graph of the function. 


| Fig. 4. 
Figure 4 is the graph of the function f : x > = where 2 is a positive 


real number. We observe that the values of the function get closer and 
closer to zero as the values of x increase. We say that we can make 
the value of the function as close as we please to zero provided that we 
take the values of z large enough. We express: this result: 


lim ~=0or lm f(x) = 0. 
2 > 0 L—> 0 


ea 
a 


ae 


~ 
e 
Ww 
a’ 
oo 
|_| 
oO 
~“ 
Xx 
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Consider now the graph of f(#) = za where x is a positive 
integer (see Figure 5). We plot the points (1, 2), (2, %), (8, 4), : 
We see that for large values of x, the value of the function gets close 


to 1, and we write lim es as — 1; by this we mean that we can 
xr—> © | 
make the value of the function as close as we please to 1, provided 


that we make 2 large enough. 


In each of the last two functions the value of the function at any 
value of x is greater than the limiting value. We could say that the 
limit is approached from above. We now consider a function which has 
a limit which is approached both from above and below, and then a 
_ function which has a limit which is approached from below. 


Rin} 


Fig. 6. 


To obtain the graph (see Figure 6) of the function f(m) = (—%)”™ 
where 7 is a positive integer, we plot the points (1, 1), (2, —%), (8, %), 
(4, —%), (5, Us), . We see that for large values of n, the value 


of the function gets close to 0, and we write lim f(n) = 0. By this 
n> 0 , 
we mean that we can make the value of the function as close as we 


please to zero, provided that we make nm large enough. Suppose that we 
want the value of the function to differ from 0 by less than 0°1, iLe., 
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7 bi: — 0| < 01. It is clear that for this we want n > 4; /i.e., for every 
value of n greater than 4, the value of the function differs from 0 by 
less than 0-1 (see Figure 7 ). | 


— ——t a A A TG RS TED MN eet | ert | Gt | Gee emi ei sere res eens Seemey COED GIONS ONIN GOD Gem 


Fig. 7% 


Consider now the graph of f(x) = ots where % is a positive 
real number. If we plot points such as (%, %), (1, %), (%, ™%), (%, 1%), © 
- and draw a smooth curve, we shall see that as we take larger and 
larger values of 2, so the value of the function gets closer and closer 
to 2, and we write lim f(x) = 2. By this we mean that we can 
x—> 00 
make the value of the function as close as we please to 2, provided 
that we make 2 large enough. Suppose that we want the value of the 
function to be greater than 1-99, i.e., within 0:01 of the limit 2, then 
we take 2 greater than 99, for | 
.o ot + 1 | 
if e+. > 1-99 
then 2% + 1 > 1:99% + 1:99, 
or 0:01% > 0:99. 
Hence x2 > 99. 


Thus for all values of x greater than 99, the value of the function is 
within 0-01 of the limit 2. 


So far we have considered the limits of functions as the value of _ 
the variable becomes larger, i.e., as the variable approaches infinity. 
The rough idea of a limit has been something like this: the limit of 
f(*) as x approaches infinity is L, ie, lim f(x) — L, if we can 

x —> 00 
make the value of the function as close as we nisaze to L, provided 
that we take values of x large enough. 
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The table below shows the values of f(x) for values of 2x close 
uy? — 4 
f= 2 


to 2, where f(z) = 


Note that there is no value of the function at « = 2. However, the 
value of f(x) can be brought as close as we like to 4 if « is sufficiently 
close to 2; so we write f(x) > 4 as x —> 2, or lim f(x) = 4. In 
L—> 2 

finding the limit we are not concerned with the value of the function 
at x = 2. In fact, as we have seen, in this case, the value does not 
exist. Again we use phrases such as “as close as we please to” and 
“close enough to” in indicating what we mean by a limit. We say that 
the limit is 4, because we can make the value of the function as close 
as we please to 4 provided that we take values of x close enough to 2. 
Note that we must be able to make the value of the function as close 
as we please to 4, on either side, i.e., greater than or less than 4. Also 
we must consider values of x on either side of 2. 


‘The graph of the function is shown in Figure 8. We see from this 
graph that although the function has no value at « = 2, the value does 
in fact get closer to 4 for values of x close to 2. 


| f(x) . 


Fig. 8. 
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§5-3. More formal definition of the limit of a function. 


For a definition of what is meant by a limit we have to give a 
more precise statement for the phrases “as close as we please’, “large 
enough”, and “close enough”. We shall use the word ‘neighbourhood’ 
to refer to the set of real numbers which are within a certain interval 
of a given real number. An “advanced set of real numbers” means a set 
of real numbers greater than or equal to a stated real number, and an 

“advanced set of integers” means a set of. mUNEE ETE greater than a stated 
integer. 

We say that a function f(z) has a limit L as x approaches infinity, 
if for any neighbourhood N of L, there exists an advanced set of real 
numbers §, such that if x is an element of S, then f(x) is an element 
of N. (Note that if the domain of f is the set of integers, then the 
advanced set S is a set of integers.) We write lim f(x) =L 

x—> 00 


For example: 


(i) If f(7) = aa where x > 0, the discussion on Page 79 shows 
that the limit of the function as x approaches infinity is 2. For 
any neighbourhood N of 2 there exists an advanced set S such 
that if x is an element of S, then f(x) is an element of N. For 
example, if N is the set of real numbers which differ from 2 by 
less than 0-01, then the advanced set S is the set of all real 
numbers greater than 99. Thus for all x > 99, the value of f(x) 
is within 0-01 of 2. : | 


The set S is calculated in this case as follows: 


2x + 1 | 
aoa —2| <0-01 
a 


fu! a] com 
_ a 
ead SRTES) —2| < 0-01 
al eee 
Since x > 0, we have 
I 1 
pacer ie 100 
x + 1 > 100 
x > 99 


(ii) If f(m) = (—4)*" where 7 1s a positive integer, Figure 7 (on 
Page 61) shows that the limit of the function as n approaches — 
infinity is 0. For any neighbourhood N of 0 there exists an 
advanced set S (of integers) such that if n is an element of S. 
then f(”) is an element of N. For example, if N is the set of real 
numbers which differ from 0 by less than 0-1, then the advanced 
set S is the set of all integers greater than 4. Thus for all n > 4, 
the value of f(”) is within 0-1 of 0. 

The set S is calculated in this case as follows: 
[(—2)7-1 — 0] < 0-1 
Since the L.H.E. is positive, then 
(pete 0-1 
22-1 > 10 | 
Since 2* = 8 and 2* = 16, we must have n — 1 > 3, ie., » > 4. 
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Again, we say that a function f(x) has a limit L as x approaches 
a real value a, if for any neighbourhood N of L, there exists a neighbour- 
hood §S of a, such that if x is an element of S, then f(x) is an element 
of N. 

etl eee : 

The graph of f(®) = or | shows that the limit of the function 
as x approaches —1 is —4 (see Figure 9). For any neighbourhood 
N of —#4, there exists a neighbourhood S of —1 such that if x is an 
element of S, then f(x) is an element of N. 


Fig. 9. 


For example if N is the set of real numbers within 0-1 of —4, ie, 
between —0:6 and —0-4, then the neighbourhood S of —1 is the set of 
all real numbers between —14 and —#2 except —1. If a is any real 
number between —14 and —#% (except —1), then the value of f(x) is 


between —0-6 and —0-4. 


The set S is calculated in this case as follows: 


We are concerned with values of x near —1 for which — ao, < xr ie ome, 
10 x | 10 
Since x does not equal —I, ic., x + 1 <4 0, we can cancel the common factor x + 1 and write 


6 1 4 
to < Fare a 


x—l 
Now since x is near —1l we have x — 1 is a negative number and we can write this inequality 
1 


6 — 6r > 10 and 4 — 4x < 10 and s0. x < — Sand x > —1. 


§5-4. Limit Theorems. 


From these definitions and from the properties of neighbourhoods 
and advanced sets, the following theorems on limits of functions can 
be proved. 
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If lim f(v7) = Aand lim g(x) = B and K is any constant, then: 


La - xu—>a 
(i) If f(v) = K, then lim f(%) = 
xu—>a 
(ii) lim {7(%) + 9(%)} =~A+ B= lim f(#) + lim g(a); 
rt—>a L—> a L—>a 
(iii) lim {f(4) — g(z)} =A —B= lim f(x) — lim g(z); 
w—> a x—a ra 
(iv) lim {f(*).g(*%)} = A.B = lim f(a). lim g(x); 
xu—> a xa x—>a 
re lim f(x) 
, “)\ A «>a ; ; 
(v) Bae g(a)! — B = Im 9@ provided B + M 
L—>a 
(vi) lim {f(#%)}" = A’, provided A > 0, where 7 is a positive 
xa | 
integer; 
(vii) lim {K f(x)} = KA =K lim f(z). 


va w—-> a 


The last two results are special cases of (iv) and (ii) respectively. 


Similar results hold when f(x) and g(x) have limits A and B as x 
tends to infinity. 


| These. results should appear quite reasonable and we do not, at 
this stage, give a proof of each of them. However, the following 
argument should demonstrate the truth of the second result. 
Since lim f(x) = A and lim g(x) = B, 

#£->a ra 

we put lim f(x) — A= F(%) and lim g(z) — B= G(%) 

t—a v—> O 

such that F(x) and G(x#) both approach zero as # approaches a. 


Then, by addition f(z) + g(%) — (A + B) = F(a) + G(z). 


For values of % very close to a, both F(#) and G(%) are very close 
to zero, and so their sum is very close to zero. 


Por example, if both F(z) and G(2#) are 10-°, then F(z) + G(2#) 
equals 2 x 10-* which is still very small and close to zero. 


Therefore f(x) + g(x) — (A -+ B) approaches ZeTO as % approaches 
zero or f(%) + g(*¥) > A+ Basaz-> 0, 
ie, lim {f(%) + g(®)} =A B. 


w—-> a 


The theorems (i), (ii), (iii), (iv), (vi) and (vii) are used to 
evaluate limits of polynomial functions, and these and (v) are used to 
evaluate limits. of rational functions as the following examples show. 
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Example 1. 


Find: (a) lim (8%); (b) lim (# — 44+ 1 
Lr—>2 t—>—l1 ; 


(a) lim 384 — 8limz—= 3 <* 2= 6.* 
(b) lim (# — 4%+1) = lim 2? — 4limz + liml 


x——1 
—- 1 —(4)(-—1) + 1 
= 6. 
Example 2. 
ae , v2— 24 + 3. , x? — 4 
Find: (a) ae ee +1 (b) rer geo 


m 2a 2% + 3 _ jim (@? — 20 + 3) 
©) im Spot = meses 
— lim 2 — 2limz + lim3 
~ dim az + limaw + lim 1 
1-2xi+t3 


1T+i-+t 
2 ; 
= 3° 
v2 — 4 x 2)(% — 2 
” e— 2 ~ : = : 2 : 
— #* + 2 since « — 2 + 0. 
lim cell = lim (% + 2) 
G30. oS 2 
= lim xz + lim 2 
S28 Shon ee, 
Note that because ee (x7 — 2) = 0 theorem (Vv) cannot be used for 
x—> 


eo | 
iain It should also be noted that we are not concerned with the 


value of the function at x = 2. 


Two important results which are frequently used to find limits of 
functions as the variable tends to infinity are: 


(i) if % is a positive real number then 2. +> 0 as %—> o; 
(ii) if jz] < 1, and 7 is a positive integer, then x" > 0 as n > o. 


*For compactness of notation, the limit condition, x > 2, which is explicit in the L.H.E. is omitted 
in the R.H.E. Similar remarks apply to other examples. 


ALGEBRA AND CALCULUS I $5 
Example 3. 


e241 Qe — 4 


Find the limit of f(z) = 22? — a2 +3 
(i) asz>0, | 


(ii) as 2 > ow. 


(i) Since lim (277 — x + 3) + 0, theorem (v) may be used. 
x— 0 


w+ 2% — 4 _ lim (#7 + 2% — 4) 


Per 207 — x +3 ~— lim (2%? — w + 8) 
_ lim 7? — 2 limfe)— lim 4 
= 2lim # — lim’s + lim 3 
Vee Ore 4. ae 
Oh) ese ae 
| a 2a 4 
‘ w+ 27 —4 2 we , 
(ii) 2? —e2@ +3 Ww «3 since « # 0, 
a et 
2 4 
ite 7 Be 
7 1 3 
ta te 
ij 1 2 4 
i, Se ee, 
20? a Bae, Be a 
w—> 0 ' 2 _ i 3 
lim (2 ree ane 
shia Ste we pee. ae 
_ limi + 2lim+— 4lim 


. bases ae 
lim 2 — lim ~~ ++ 3 lim 75 


~14+2x0—-4x0 
= 2a 0 1 8 x 0 


a 
7. 


Note that since =. —- 0 as 2% => o, it follows that = approaches 


zero aS % approaches infinity, where 7 is a positive integer. 


86 


4. 


BROOKS’S AUSTRALIAN SCHOOL SERIES 


Exercise 23. 


. The following functions have domain the set of all real positive 


numbers. By drawing their graphs, find their limits, if any, as x 
approaches infinity. : 


(a) f(z) = 25 (b) f(z) = 2; (c) f(#) = = 
HY 


(@) f(@) = a 7> (e) fm) =14 =. 


Draw the graphs of the following functions and determine their 
limits as 2 approaches 3. 


(a) f(%) = « + 3; domain set of all real numbers; 
(b) f(v) = a+ 3if « ~ 3 
f(x) = 0 if « = 3; domain set of all real numbers; 
2 os 
(c) f(z) = o domain set of all real numbers except 3. 


Find the following limits: 


; e+ 3, , ve + 4 — 2. 
7 © 2 eters 


207 — x — 3, 


t—->— uv —> 
~— 2. 207 + 3% — 2 
OY eee BY a 2a Se 
wt 4 — 2. | 
Oe pes aarek 2 


Find the following limits: 


(a) lim (3”° — 2x? + 1): (g) lim —; 
xL—>2 x—>2 
ey? +. 2 . x 
(b) lim —~——~; (h) lim -;;3 
es de > 0 
‘ : 3 
(c) lim (2% + 3); (i) lim —;3 
x—> 0 ro * 
(d) lim (3”2 + 22 — 3); (ij) lim +; 
x—->1 x—>o * 
2 
(e) lim cal aaa (k) lim |a|; 
2% — 1 
2 
(f) lim epee, Q) im I, 
%—>3 a oe G51” 
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§. For what values of n does ot differ from 2 by less than 0-01? 
Deduce that lim ia a 
| n>o %@ + 2 
6. For what values of n is aoa less than 0-001? Deduce that 
ae | 
lim ———~ = 0. 
n>oM +1 
7. Find the following limits: 
(a) lim (322 — 5a + 4); (@) im 25 a 
x—>1 Co 
BF ec 
(b) lim (20? + @ + 7); (ce) lim ~— *; 
x—> 0 x— 0 e 
x— 2 3 1 
(c) lim — : (f) lim 
g>2 % — 4 g>1%—1 
| 2 
8 If f(*#) = Set oe for what values of x is |f(%) — 3| < 0:01? 


What is the limit of f(7) as x approaches 0? 


9. Find lim /f(%), 


x —> 00 
(i) when f(xv) = 1 — = -- a 
° 2v 2? 
2 
(ii) when f(#) = 2—= = 2 
10. Find the limits of the following functions: 
(a) as x —> 0. a 
. we + 54% +6, 2, ot — 447% + 5x3. — 2“, 
(i) he fuse oig Ae ae as | ? (ii) 42 + 542 — 623? (iii) a =. 9x’ 
2— 34 — 6 4— 2% — 32? 
res 8 


§5-5. Continuity. 


The definition of the derived function is based on the concept of 
limit, and from our discussion of the meaning of “limit” we can see that 
there are situations in which the limit of a function does not exist. So 
there are functions which are not differentiable at some point. For 
example, the function f(x) = |z| is not differentiable at 0, because 


im #1 4 — [2 


h does not exist when x7 — 0. 
h—0 
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The continuity of a function is also linked with the concept of limit. 
Moreover, we shall find that continuity can be a condition for a function 
to be differentiable. 


Our intuitive approach to continuity suggested that a function is 
continuous if it can be drawn without lifting pencil from paper, i.e. if 
there are no gaps or holes in the graph. 


We consider first two functions which are continuous when this 
rough definition is applied, f(x) = x + 2 (see Figure 10), and h(x) = 2? 
(see Figure 11). Both graphs can be drawn without lifting pencil from 
paper. 


Fig. 10. Fig. 11. 


In particular we examine the continuity at the point x = 2, and the 
limits of each of these functions as x approaches 2. 


Now lim f(#) = lim (a + 2) 
xt—>2 X%—->2 
= lm ++ lim 2 
X—>2 xX—>2 
=24+ 2 
= 4 
= f(2) 
Again lim h(x) = lim 2? 
x—> 2 r—>2 


We note that each graph is continuous at 2 = 2, and that 


lim f(x) = f(2), and lim h(x) = h(2). 
L—>2 x—> 2 
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| 3 a | | 
Compare with these the graph of g(#) = z= (see Figure 12), 
and the limit of g(x) as x approaches 2. 


i : uw? — 4 
Now lim g(x) = lim 5 
2—> 2 s—3>g % — 
= ie Sess 
x2 i ez 
= lim («% + 2) (x — 2 # 0) 
xr—>2 
x—>2 x2 
= 2+ 2 
= 4. 


Fig. 12. 


Now g(2) is indeterminate, and so in this case we do not have 
lim g(%) = g(2). 
x—> 2 


/ 


These examples suggest that a function f is continuous at x = a if 
lim f(v) = f(a). 
za 
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Now we compare three functions which have “split” domains, L.e., 
the graph is made up of two or more sections. Figure 13 is the graph 
of the function f such that 


f(v) =1lif¢x> 0 
f(v) = —lifaz < 0, 
the domain being the set of all real numbers except zero. 


(x 
f G(x) 


Fig. 13. | Fig. 14. 


Figure 14 is the graph of the function g such that 
g(x) =~ 1lif x > 0 
g(v) =~ 0if + = 0 
g(x) = —1lif + < Q, 

the domain being the set of aJl real numbers. 


Fig. 15. 


Figure 15 is the graph of the function h such that 


h(*) = —1 if « < —1 
h(v) = wif—-1<2z<i1 
h(w%) =~1life*se1 


the domain being the set of all real numbers. 
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Intuitively we feel that f and g are discontinuous at 0 while h is 
continuous. 


In Figure 13 there is a “gap” and a “jump” in the graph. Conse- 
quently a small change in xz near zero can produce a change of 2 in the 
value of f(x). 


In Figure 14 there are two “jumps” in the graph and a small change 
in 2 near zero can produce a change of 1 or 2 in the value of g(2). 


In Figure 15 there is no “jump” or “gap”. A small change in x 
near —1, or 0, or 1, still produces only a small change in the value of h(2%). 


We say that functions f and g are discontinuous at 0 and continuous 
at all other values of 2, while h is continuous throughout its domain. 


Now we can use the concept of the limit of a function at a point 
to determine whether it is continuous at that point. Our rough definition 
was that a function f(z) has a limit L as 2 approaches a, if we can make 
f(%) as close as we please to L by taking x sufficiently close to a, but 
not equal to a. If this limit exists, and a is in the domain of f, then the 
only possible way in which there can be a gap in the graph is if there 
is a displaced point at xv = a,\i.e., if f(a) is not equal to L. The graph 
in Figure 16 shows this. Of course if a is not in the domain of f, then 
f(a) does not exist and there is a gap in the graph. 


£0 


Fig. 16. 


* So we have two ways in which there can be a discontinuity, 


(i) if f(a) does not exist; | 
(ii) if f(a) does exist, but lim f(x) is not equal to f(a). 
t—->a 
On the other hand if the limit as x approaches a exists and is equal 


to f(a), then the graph has no gap or jump at a, and the function is 
continuous at a. 


§5-5. Definition of Continuity. 


Hence we have the following definition: 


If f is a function defined on the real numbers, and a is an element 
of its domain, then f is continuous at a if both 
(i) lim f(%) exists and (ii) lim f(x) = f(a). 
x—>a xt—> oa 
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Note that the condition, a is an element of the domain of f, could 
be stated, “if f(a) exists’. Figure 17 is the graph of a function f for 
which f(a) does not exist (see also Figure 4). 


169) 


. 
| 


ewewee owe aw = 


a ~ 


Fig. 17. 


A function is continuous in an interval if it is continuous at all 
points of the interval. 


Now a polynomial function is any function of the form 
f(%) = a,0" + aye 7 bo... + ax + a 
where the domain of x is the set of all real numbers and @Qp, Qy, ............ On 
are real numbers. 


From the definitions of limit and continuity and the limit theorems, 
it can readily be shown that all polynomial functions are continuous 
everywhere in their domain. This agrees with our experience of poly- 
nomial functions such as ax + b, ax? + bx + c, x®, whose graphs can 
be drawn without lifting pencil from paper. 


If a function is continuous then we can see that tangents can be 
drawn to its curve at every point on it. So it is intuitively clear that 
continuous functions are differentiable, i.e., have derivatives. Indeed, 
the existence of a derivative suggests that the function is continuous, 


because if the limit of “2 exists as AY approaches zero, then we know 


that for small changes BE x there are small changes in the value of the 
function. So no matter how small the changes in 2 are, there are 
corresponding values of the function, and there are no jumps and no 
gaps. 


In Section 2 we stated that lim (6 + h) = 6 after considering 
h—0 


—_ 

smaller and smaller values of |h|. However, it was pointed out that this 
is not the same as saying that when h is zero, then the value of 6 + h is 6. 
Yet it seemed that in this case, and in most of the other derivatives which 
we have considered, that the limit could be obtained by putting h (or Az) 
equal to zero. So an invalid method gave the correct limit. 
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The reason for this is that in most of these cases the difference 
quotient whose limit we were finding simplified to a polynomial function. 
Since it is a polynomial function, it is a continuous function. Since it is a 
continuous function in h (or AZ) its limit as h (or Av) approaches zero is 
the value of the function at zero, i.e., Dae f(h) = f(0) because f is 

> 0 


continuous. 


Example 4. 
Find f’(2) when f(x) = 223. 


We use the definition, 
f’(2) = lim a 
h—0 
Now /f(2 + Ah) = 2(2 + A)8 
— 16 + 24h + 12h? + 2h’. 
And f(2) = 2.28 
a 16. 
24h + 12h? + 2h3 


“. F(2 + h) — f(2) 
fe fh) — FO) 24 4 12h 4 2h (h # 0) 


Since this is a polynomial in h, 
lim (24 + 12h + 2h?) = 244+12xX%0+42 x 02 
h— 0 
= 24, 
f'(2) = 24. 


In this case we find the limit of (24 + 12h + 2h?) as h approaches 
zero by putting h — 0, because a polynomial is a sigaiar et function 
and for a continuous function f we have lim f(x) = f(a) 

t— a 


Exercise 24, 


1. By sketching the graphs of the following functions, determine: 
(a) whether they are continuous throughout their domains; 
(b) the points at which they are not continuous. 


(i) f(z) = « if « > 0, and f(x) = # if e < 0; the domain is 
| the set of all real numbers. 


(ii) g(x) = x with domain the set of all real numbers except 1. 
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2. Which of the following functions are continuous at 0? 
The domain is the set of all real numbers for which the function is 


defined. 
(i) fi(v) = a@+ life > 0, and f,(v7) = 1lifz¢ < 0; 
(ii) fo(*%) = el if x ~ 0, and f.(%) = —lif«v— 0: 
sa 1 : x 
(iii) fs(%) = Fe; (iv) fa(@) = =. 
3. State at which point (if any) each of the following functions is 
discontinuous. 
(i) fi(v) = —1lif x < 0, f1:(4%) = x? —1 it « > 0, with domain 
the set of all real numbers; 
(ii) fo(v%) = —1lif x < 0, fe(x) = 2? — 1 if x > 0, with domain 
the set of all real numbers except 0; 
(iii) fs(%) = — (42 +1) if a < 0, fg(v) = 2? + Life S 0, with 


domain the set of all real numbers. 


4. Show that the following functions are continuous at the given 


points. 
(i) fi(v%) = 384”? + 24 — 1 at 5; 


(ii) fo(%) = 2 — a2 + 4o at 0; 


5. Are the following functions continuous at 0? 


(i) f(z) = = if # % 0 

f(x) = 1 if x = 0, with domain the set of all real numbers. 
(ii) f(z) =1it xe <0 

f(x) = 0 if x > 0, with domain the set of all real numbers. 


6. Find the points (if any) at which the following functions are 


discontinuous. 
; - v2 — 4 ‘ 
@f@®) =_po ye py tts? 
f(x) = 4if x = 2 ,with domain the set of all real numbers. 
2 
(ii) f(z) = Tea ite ~~ —1 
f(v) = 1 if x = —1, with domain the set of all real numbers. 


7. Find the following limits: 
(i) lim w(a + h); 
h—0 


f(a + h) — f(a) 


(ii) Ae i , given f(x) = 2x? — 8a; 
— 
(iii) lim SS, given f(x) = w?. 


h—0 
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§5-6. The limit of the sum of a series. 


Consider the geometric series 1 + 34 +4+... + si . The sum 
of the n terms can be represented in the following way. 


Py Pe Ps Pn 
nr cme ee 
A : B 

In the diagram, AB is 2 units in length, | 
P, is the mid-point of AB, 
P. is the mid-point of P,B, 
and so on. 


Let P,, be the position of the point P after the process outlined above 
has been carried out 7 times. 


Then AP, — 1, PiPs = 4, PoP; = 4, and so on. 
Hence AP2 = 1 + i, 
AP; = 1+ 44+ 4, 


and so on, | 
1 
AP, = 1 +4+4+...4+ oa | 
Now, it is clear that AP, is always less than AB, for, however many 
times we carry out the process, the point P, will never pass B; but we 
can make the point P, approach B as near as we please by carrying out 
the process a sufficient number of times. 


Thus as the value of n increases the sum 


D+at+et... + hy 


approaches closer and closer to the value 2. If the sum of nm terms is 
denoted by S,, then we can make §, differ from 2 by as small a number 
as we please by simply increasing n. We say that 2 is the limit of the 
sum of 7m terms as 7 tends to infinity; 


le., 1 tot + ...to nm terms — 2 asn—> o. 


An infinite series is one in which every term is followed by other 
terms. Such a series cannot be summed in the ordinary sense of the 
word. However, if the sum of ” terms of the series tends to a finite limit 
as n tends to infinity, this limit is said to be the sum of the infinite 
series, or more —— the sum to oo The sum 


Le St yt. toer 


tends to the ‘pak : as n tends fa infinity. Hence the sum of the infinite 


series 1 -+ — -L FH. a 2) Ge = as 
is 2. 


There iS a one-to-one correspondence between the terms of a 
sequence and the set of positive integers. For a geometric series the 
sum of n terms can be obtained as an expression in n, where 7 is a 
positive integer. For each value of % a sum can be found and so we can 
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say that the sum is a function with the set of positive integers as domain. 
Thus the method of finding the sum of an infinite geometric series is 
similar to the method of the finding the limit of a function (see §5-4). 


§5-7. Sum of. an infinite G.P. 
Consider the geometric series 


at+ar+t+ar+t ... to n terms. 
a(i — 7°) 
a i—?r 
fey ee = — 
1—r 1—r ° 


If |r| < 1, 7 > 0* as n > ow. 


Tr > Oasn —-> oo. 


a 
1_—r 


1—~r?r 
Ss.°> as nm => oo. 


This may be written S, = 


7 “ 7 where S,, means the limit of the 


sum to nm terms as n > o, the sum of the infinite G.P., or the sum to 
infinity. 


Note that 


(i) It is only when 7 is numerically less than 1 that we can find a 

limit to the sum of 7 terms, i.e., find the sum to infinity of a G.P. 

For when |7| > 1, the numerical value of 77 increases with 7 
without limit, and there is no limit to the sum. 


When 7 = 1, the series isa+a-+ta-4 ..., and there is no 
limit to the sum. 
When r = —l, the series is a —a+t+a—a- ..., and the 


sum is 0 or a, according as nis even or odd, i.e., the Sum does 

not approach a limit. 

a(l — 7") 
—_—— 

obtained by division by 1 — r and this assumes 1 — r $ 0, ie., 

a ae 


(ii) When r = 1 the formula S, = 


is not valid, for it is 


ne ar 
(iii) Dies, OB ee 
a(1 — 7”) a ar? 
ee i a easy aes gl a ae 


& 
on 


*See §5°4 
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Exercise 25. 


Determine whether the following geometric series can be summed to 


infinity ar find ae sum when possible:— 


1. 


2 
3. 
4 


17. 


18. 


19. 


20. 


I+¢G+at.... 5 10 +-5+ 234 .... 

1 1 
1+01+4+ 001+ .... O& lt Eerie t --- 
re ake 7. 900 + 600 + 400 + .... 

2 4, 2. / 
V2 2 , 2/2 
24+ 2/2 +44.... Oe Seen a ge 


Sum to infinity, the following geometric series, stating any necessary 
condition: 


1+%¢+ 477 +.... 
v* + a7 +414 .... 
1— vist arr —.,, 


Qty) 40+ e7 +4 2794. 
1+ (# — 1)1° + (# — 1)? + ..... 


The sum to infinity of a G.P. is 4 and the first term is 6. Find the 
common ratio. 


. The sum to infinity of a G.P. is 134 and the sum of the first 3 terms 


is 18. Find the first term and the common ratio. 


A man is entitled to an annual payment which, for each year, is less 
by one-eighth than it was the year before; if the first payment is 
$800, show that, however long he may live, he will not receive more 
than $6400 altogether. 


A tennis ball is dropped from a height of 60 cm and after each impact 


it rises to a height which is equal to # of the preceding fall. How 
far has it travelled altogether when it comes to rest? 


Find the least value of ” for which the sum to 7» terms of the G.P. 
4, 2,1, .... differs from the sum to infinity by less than 10-. 


The first term of G.P, is 2 and the common ratio 7 is given a 
|r| = 0-3. Find the sum to ~ terms when (i) r > 0; (ii) 7 < 0 
What is the limit of the sum in each case as n > 0? 


The third term in a G.P. is 14 and the limit of the sum of 7 terms as 
m tends to infinity is 10%, find the first term. 


Section 5. — Revision. 


. Find the following limits: 


: 4 - 
(a) lim ae a>i; (d) lim ae Eee aaa 
n—> oo . u—-> 0 a + 8 
; 3n? — Bn + 2 : x? +. 3% + 104 
(b) lim ——_,———_; @ lin ——————~—. 
n> @ ee Os val Dee a 
2 eaten 
(c) lim 2n nN, 


rae. + 


$8 
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- Find the following limits: 


2__ 9g 

a) lim (277 — 32% 5); Cc lim ————— 
(a) lim. ( + 5) (c) am, @ 4 i + 2 

: 2 — 1% 1 ‘ x? — 44? 
(>) im 2S: (@) im ~~. 

L—> 2 x—> 0 
Evaluate: 

y2 — 4 Va — 1 

a) lim : b) lim ‘ 
(a) im 7 —te+6 Ce ad 


3x? — 24 + 4 


Find the limit of (a) as % > 0; (b) aS 2 > ©. 


What is meant by the statement: “the function f defined on the 
set of all real numbers is continuous at a’? 


At what points are the following functions discontinuous? 


(a) A(z) = = 
(b) fe(z) = = 2 


Investigate whether the following functions are continuous at the 
given points: , 


1 3 
(a) fi(%) = 402 4+ 9 a 9 atx = — 9”? 
1 3 


The sum of an infinite geometric series is 1. If the first term is 2, 
find the common ratio. 


A tennis ball is dropped from a height of 50 cm and after each impact 
it rises to a height equal to 2 of the preceding fall. How far has it 
travelled altogether when it comes to rest? 


General Revision 1. 


Define derivative. Use the definition to find the derived function 
of the function f where f(x) = 2u? — 4% + 4. What information 
does the derived function give about the graph of f? 


10. 


11. 


12. 


13. 
14. 


15. 
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(i) If y = 34° — 20? + & — 4, find op 
(ii) Find £ (2 — 84 + 4x2 — 23); 


Find the equation of the tangent to the curve y = 27? — x -++ 8 
at the point on it where x = I. | 


Expand (i) (* + a)é; (ii) (2% — 3)4, 


Expand (x + /A%)°. Hence find from first principles the derivative 
of x5. 


Define the following and illustrate your answers with sketches: 
(i) stationary point; (iii) minimum value; 
(ii) maximum value; | (iv) point of inflection. 


Explain the procedure for finding maximum and minimum values 
of a continuous function f where y = f(%). 


Sketch roughly the graph of y = f(x) given that when x < 2, 


f(x) is positive; at the point (2, 1) on the graph f’(x) = 0; when 


x > 2, f’(x) is positive. 


Find the stationary values of y = 2? + 22? + w& and distinguish 
between them. 


If y = f(x) and ou = a 2x +. 1, show that y has no maximum 


or minimum value. Has y a stationary value? 
If y = x(x? — 8) find the values of x for which ou is 

(i) positive, (ii) zero, (iii) negative. 
Find also the coordinates of any stationary points on the graph 
y = f(x) and determine the nature of the points. 


Find the turning values (if any) of the polynomial functions 
(i) f(v) = #4 2u%? + & 4+ 7; 
(ii) f(x) — 6 — 84% + 34? — x3, 


Find the number which exceeds its square by the greatest amount. 


A rectangular block with a square base has the total area of its 
surface equal to 96 square cm, and the sides of the base are each 
xcm long. Prove that the volume of the block V cubic cm is given 
by V = 4(48% — 2°), and hence find the maximum volume of the 
block. | 


Find an expression for the gradient, g, at any point (2, y) on the 
curve y = 2a”? — 12x” -++ 4. Illustrate your answer with a sketch. 
With the aid of your sketch find the point on the given curve at 
which the gradient is least. 


100 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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If y = 4% — 227, find ue Hence find the values of x for which 


the values of 4% — 2x? decrease as 2 increases. 


Find the greatest and least values of the function f, where 
2 
f(*%) = 38 — 2H + - — x* in the interval —3 < 4% < 1. 


From the definition find the derivative of f(x) = am 
: . , ay, 
Use the chain rule to find an if 
(i) y = (38x? — 4)?; (ii) y = (5x8 — 4% + 9)°*. 


Kind the limit of the following functions: 
(a) as X% > 0; (b) aS X% => oo. 


) fe) =F ya (i) f@) = Boe. 


Find the following limits: 
2 2 
we? 4. (ii) lim ew? + 64 + 8 


i) lim ; , 
” : t—>—2 ere 


x—0 


Determine whether the following functions are continuous: 
: ai ; | 
(i) f(*) = 2 = & and —1l1 << «4 < 2; 
- He 
(ii) f(%) = eos and —1 < 4 < 0; 


(iii) f(%) = 20? + 7a + 8 and —3 < &« < —H. 

Show that the sum of 7 terms of the arithmetic progression, in which 
the first term is a and the common difference is d, is 4n (2a + n—1.d). 
Find the sum of the natural numbers between 1 and 100 which are 
divisible by 7. 

Define geometric progression. 


Find the sum of 1 terms of the G.P. a, ar, ar’, ... 


Find three numbers in G.P. whose sum is 44 and product 1. 


Using the formula for the sum of a G.P., find the sum of the six 
expressions (1 — %)*, (1 — a)’, ..., (1 — @)™. 


Expand this sum in terms of powers of x by using the binomial 
theorem. 


Find also the product of these six expressions as a power of (1 — 2%). 


Sum to vm terms the geometric series 2+ 1-+0°5+ 0:25 +... 
To what limit does the sum tend as 7 increases indefinitely? 
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SECTION 6. 


DIFFERENTIATION  (continued} 


§6-1. Definition of the derivative of a function. 


We repeat the definitions given in §2-6 and §2-7: 
The derivative of the function . at «x, written f’(x), is given by 


| h 
— 0 
if y = f(x) and Az is an increment of x, the derivative of y with respect 
to x, written al is given by | 
a = lim f(@ + Aw) — f(%) 
Ax —> 0 Ax 


In the latter definition since f(z + Aw) — f(x) is Ay, the increment 
of y corresponding to the increment Ax of x, we may word the definition 
as follows: 


If y = f(%) and Ag, Ay are corresponding increments of & and y, the 
derivative of y with respect to x is the limiting value of the ratio au 


as Ax tends to zero, i.e., oy = lim ay 
ms Ax —> 0 Ax 


Notre: We have assumed that the limit exists, that the derivative has a value at x. 


§6-3. Notations for the derivative or derived function. 


There has grown up a variety of names and symbols for the 
derivative of a function, and the student should now be familiar with 
them. If y = f(%), the derivative or derived function of y with respect 
to x is also known as the differential coefficient of y with respect to 7%. 
Thus, if y is a function of 2, the directions, “Find the derivative, the 
derived function, or the differential coefficient of y with respect to 2” 
all mean the same thing. Some of the symbo!s used to «denote the 
derivative of y = f(x) with respect to x are 


, he Dy, Df (2), f (2), y? 
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§6-3. a = tan ¢. 


In §2-2 we defined the tangent to a curve at a point P on the curve 
as the limiting position of a secant PQ as Q approaches F along the 
curve. Subsequently we identified the value of the derivative of y = f(x) 
at x with the gradient of the tangent to the graph of y = f(x) at the 
point (x, y) on the graph. We now give a formal statement of this 
result. 


JO N Ax ™ = 
Fig. 1. 

Let y = f(%). 

Let P(%, y) be any fixed point on the graph of y = f(«). 

Let Q(x + Ax, y + Ay) be a neighbouring point on the graph 

Let the tangent to the curve at P make an angle ¢ with the 2-axis. 
: Then, in the figure, 

O a 


seni NP ss 9%, 
OM = « + AZ, MQ = y + Ay. 
PR. = Az, RQ = Ay. 
Ay RQ _ 
If Ax =~ 0, 2 PR = tan RPQ 
= gradient of secant PQ. 
Ay dy re Seats 
Now, li — = — (definition of derivative). 
Ax —> 0 4” aa 


Also, as Av > 0, Q — P, and RPQ —- 4, 


limit tan RPQ = tan ¢. 
Ax —> 0 


Hence = = tan ¢ 


= gradient of tangent at P. 


Exercise 26. 


Find (from first principles)* the derivatives w.r.t. % of the following: 
1. 2°. 3. am? + br +o 8 & y= a 
2. 20? + 3. Ale & — 2, 6 y= —s. 
7. If P(x, y) and Q(x + Aw, y + Ay) are points on the curve y = 32?, 
express Ay and -u in terms of x and Az. To what limit does 7 
tend as Av — 0? Give a geometrical interpretation. Find also the 


values of Ay and dy when 2 = 1 and Av — 0-01. 
Ax dx 


*1.c., from the definition of a derivative. 


ALGEBRA AND CALCULUS I | | 103 


8. Sketch the graph of y = f(x) = 2a? — 3x. Evaluate 
| f(a + h) — f(a) 
h 


in terms of a and h. What limit does this fraction approach as 
h — 0? Interpret geometrically. 


9. If y = 403 — 22? +. 7, write down the value of ov 
10. If y = 10” + 4x7 — 62°, write down the value of oe 


11. If s = 4¢ — 38, write down the value of S. 


12. If P = 5s? — 4s, find se when s = 2. 


Evaluate 
d | ; dite 

=(8 — 42 — a8), 14. (42? — 42). 

15. S (ut +. igt?), where u, g are constants. 

16. D(3@ + =). 17. D(x? — 34 — =). 18. D( — 4¢ — 302). 


19. If f(v) = 3 + 4a” + 522, find the values of f’(x), f’(2), f’7(—1), f’(0). 
20. If f(x) = (*% + 3) (2% — 1), find the values of f’(3) and f’(—4). 
21. If f(x) = (4a — 1)(3z + 2), find the value of x for which f’(x) 

ees yi Interpret your result with reference to the graph of 


22. Find the value of y, given that eid = 3x7 + 4 and that y = 1 when 


2 = 0; : 
23. Find f(x) if f’(7) = 4% — 7 and f(1) = 0. 


24. What is f(x) if £(F (a)} = x? + 47? 


§6-4. The derivative of x", where n is a positive integer. 


In Section 2 the derivatives of x, x”, x? and x* were found from the 
definition. From these results we inferred that the derivative of x” is 
nx*-1, To prove this we have to investigate the expansion of (% -++ Az)”. 


Now (a -- Av)" = (&@ + A®) (H% + AX) (H% + AM) oe to factors. 
A term in the expansion of this product is obtained by choosing x or Az 
from each factor and forming their product. All the terms will be 
obtained, if this is done in all possible ways. The sum of the indices of 
x and Ax in each term will be 7, because either x or Av must be chosen 
from each of the 7 factors. 


If we choose x from each of the n factors, we obtain the term 2”. . 
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If we choose Ax from any one of the factors and x from each of 
the remaining (n — 1) factors we obtain 27*1Axv. There are nm such 
terms because we can choose Av from each of the 7 factors. So we can 
write nx"-1Ax% as a term in the expansion. 


Every other term in the expansion will have Ax chosen from two 
or more factors, and so all other terms will have a factor (Az)?. 


SO we write 
(~ + Ax)? = a7 + narI1ax + (Ax)? (a polynomial in “). 


Now let y = f(x), and y + Ay = f(# + Aw), where f(x) = 


Hence y + Ay = (&# + Az)” 
= 2 + nax™-1Axr + (Ax)? (a polynomial in 7) 
Since y = 2, 
Ay = nx1Axv + (Av)? (a polynomial in 2) 


AY 
If At ~ 0, = 


When Av — 0, Av (a polynomial in x) —> 0, 
and so by the limit theorems, 


nel + Ax (a polynomial in 7). 


For those who have learnt the Binomial Theorem, (x -+ A)" can 
be expanded as in the following proof. 
y = f(®) = 2 


And y + Ay = f(x + Aw) = (a + Az)’, 
Expanding the right-hand SEprension by the Binomial Theorem, we 
have 
. n(n — 1) st 
yt+Ay=2r7+n. Ax. wt + 7 (Aa)? ere te... + (AX)". 
Since y = 2", we have by sae ca 
Ay = n,Ax,.x™-1 + yet +... + (AX)” 


If Ax & — = net + MO Dan, yn-2 +, + (Ax)?-1 


Each of the terms of the R.H.E. (after the first) contains the factor 
Ax; therefore, when Ax — 0, these terms tend to zero. Hence 


§6.5. The derivative of —. 


- +, == >. This is proved in §4°4. 


Using this result and the ‘chain rule’ we have proved. that the 
derivative of 7°, where n is a negative integer, is nx". 7 


If y = 


It now remains to consider the derivatives of functions involving 
fractional indices. 


ALGEBRA AND CALCULUS I 105 
§6-6. The derivative of \/2. 
Let y = fi) = V2. 
Then y + ay = Kyau), = Ve + As. 
By subtraction, Ay = \/x + Aw — V2; 


_ Va ae va. 


a AY 
. if Av = 0, oe a 


| Ve of Ae — Ve ve (Rationalizing the numerator) 
_ e+ At — & 

AK(\/t + AX + V/2) 
es 
Ve + AL + V2 
rape lim Ay _ pe — ae 
I~ ng —> (AY Ve + Vx 2/0’ 


yt 


Using index notation, we write 


Dep t/a) — Ag-t/s 
ag (%*) = 2 /2, 


§6-7. The derivative of «” for all values of 7. 


A similar proof may be used to show that + (a-*/2) = —4a-*/2, and 


these results suggest that it can be proved that the derivative of «° for 
fractional values of 2 is nx”-!, We shall prove this using the “chain 
rule’? and the laws of indices. 


However, we must first examine cases where y is not directly defined 
in terms of 2. In an equation such as 
v2 — 2xy—y = 4 
which can be satisfied by ordered pairs of x and y, but 2 and y are 
together on the same side of the equation, we say that y is an implicit 
funetion of x. Im this case it is possible to express y as an explicit 


Such a solution of y in terms of 


function of x, because y = ea 


z is not always possible. 
When finding the derivative of 7 with respect to x when the relation 


between x and y is not explicitly stated, it is usually best to differentiate 
each term of each member of the equation. 
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Example 1. 


Find 7 from the equation v7? + y*? = 4. 


Differentiating both sides of the equation with respect to x, we 
have 


d d 
qe oe y*) = Gg, (4): 
d d d 
or ae (“?) + x (y?) = aa $4): 
d dy _ 
So 2% + dy (y*) 7 = 9, 


and this can be written 


an + 2y SY — 0, 
dy 2 
or dx y° 


It should be noted that to find £ (y?) we use the chain rule. If we 


dz 


| d 
. 2 ENP ION, Sasa We 
write z for y?, we have a (y7) = da’ 


Since z is a function of y, then if y is a function of x, we have 


dz dz ad : 

7 ae ay’ de (chain rule) 
-_ dy 
— 2y e ax’ 


a 
ee aa \Y) — Sue ax’ 


_ We now use this method to find rd when y = 2" and 7 is a 
fraction. 
Letn = 


7a where p is any integer, and q any positive integer. 


We can therefore put y = #°/7, so that y7 = 2», 


ALGEBRA AND CALCULUS I 107 


Differentiating both sides with respect to 2, 


ad qd. 
we have in (y4) = dg (e)» 
d dy d 
pata \ fas eee ee 
SO dy (y7) . ie = Az (*”): 
dy 
rs oe at —1 
qyt . > a pw 
dy _ pap-1 
ify A007. = quest 
part 
_ pur 
os quPp-P/q 
= Py e/a)-t, 
qd | 
: p dy Sats ; 
Since n = a we have shown that din = nx if y = 2 and n is 
a fraction. 


§6-8. The derivative of a constant is zero. 
This is proved in §2-9. 


§6-9. Theorem: The derivative of the product of a constant and a 
function is equal to the product of the constant and the derivative 
of the function*. 


It is required to prove that if y = k.f(%) and k is a constant, then 
My | 
Since y = k. f(x), 
and y + Ay = k.f(x + Az), 
then Ay = k.f(x + Av) — k.f (x) 
= k{f(@ + ax) — f(x)}. 
ay _ k{f(e + ax) — f(#)} 


if Av => 0, ee ) ie 
Ar—>o 4” Ax —> 0 Ax 
— ke tm $+ 4%) = f(@) 
Ax — 0 | Aw 
— k £f (%) (definition of derivative) 
dy _,d | | 
| oe ae k al (). 
Nore: The theorem may be stated: If f(x) = k. g(x), where & is a constant, then /’(x) = k.g'(x). 


*This theorem was assumed in Section 2'11(2). 
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§6-10. Theorem: The derivative of the algebraic sum of two or more 
functions is the algebraic sum of their derivatives.* 


It is required to prove that if u = f(#) and v = g() are functions 
of x, then 


d du dv 
aa \™ aU) a ae 
Let y = u + Uv. 
Let Av be an increment of x and let Au, Av, Ay be the corresponding 
increments of uv, v, y respectively. 
ytAy=ut Aut vu + aA. 
But y = u + Vv; 


Ay = Au + Av. 


PA Oe a a 


It follows that 


Ay ; (= ~*) 
lim —= lim — + — 
Az —> 0 4% Ax > 0 \O% a 
A AV 
= lim —4+ lim —; 
Az —> 04 Ax > 0 AX” 


dy du dv , 
dx ~ du * da’ 
' d _ du dv 
1G; dg (M+ Sarr laa aR 


The proof can obviously be extended to cover the sum of any 
number of functions. 


For example, 
ad 


da ‘8") 


a (278 — 5x? + 8%) = os (2x3) + £ (—5a7) + 
= 6”7* — 10% + 8. 
Using functional notation, we may state this theorem as follows: 


© {F(@) + 9(#)} = = (2) + 759 (2)} 


or if s(v7) = f(%) cs g(x), then s’(w) = f’(v) + g’(%). 


*This theorem was assumed in Section 2°11(3). 


Example 2. 


Step (2) 


Find the 


ALGEBRA AND CALCULUS I 


109 


derivative of az? — bar -+- e and state the thearems used. 


£ (aa — bx +c) 


= (ast) + 2 (bn) + £0) 
d 

a. Sf (a8) — b. aa (*) + Q 

a@.3x2? — 0.1 

Zax? — b, 


Theorems used: 
Step (1) If s(x) = f(#) + g(@) + h(a), 


then 8’(%) 


Ist and 2nd terms: 


If f(%) = k. g(x), 


where & is a constant, then sd 


3rd 


The derivative of a constant is zero. 


term: 


Step (3) £ (a) = et, 


14. 
15. 
16. 
17. 


(21. 


a i SO UNS 


Exercise 27. 


Differentiate the following expressions: 


(52)2. 


(% + 4)(% — 1). 


2 


2" 


12 a 


8. 


9, 


= f(*) + g’(x) + h(a). 


= k.g’(%). 
1 
1 — 32% 
12. Wu. 


13. BV/e% + 3/2. 


Write down the values of the following (a, b, c, n are constan's): 


£ (an +e). 
ad ax + b 


dx x 


18. 


19. 


20. 


d ax? + b& +c 


ax x 

d 

Aah? — U). 

d 3 

5A! oe 2vit J. 


Use the binomial theorem to find from first principles the derivatives 


of (i) 2°; 


(ii) 7; 


(iii) 2+. 
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Find dy from the following implicit functions (Questions 22-28). 


ae 
22. 2? + y? = 25. 
23. v2 + y® = 30. 
244. 2 + y? — 3% + 4y — 3 = 0. 
25. 202 + By + 38y? = 6. 
26. ©? — y? + 2% — 4y = 0. 
Va Oe vo ale y? — 3y. 
28. x7 + y" = c, where c is a constant. 
Find the derived functions of the following (Questions 29-34), 
stating the theorems used (a, 0, c, m are constants): 
29. 203 — 44? + 10. 31. aw + OD. 33. ax(a — 2). 
30. = a a 32. ae C. 34. c + be — ax’, 
x x 

35. If y = ax", where a is a constant, prove that ou — = 

= dp p 
36. If pv = c, where c is a constant, prove that fo ae 

d (dy dy\? 

alas 4 eae (iene — eins 
37. If y = x4, prove that 4y oe 5) = (54) ‘ 
38. Find y in terms of « if ou = x? and y = 8 when « = 6. 


§6-11. Theorem: The derivative of a function of a function. 


(Revise §4-5 and §4-6). 


If y is a function of wu and uw is a function of 7%, 
dy dy du 


then az == du da’ 


Let Av, Au, Ay be corresponding increments of wv, wu and y respec- 


tively. 


If Av = 0, and Au + 0, we have the identity 


At Aw Ag ttt (1) 
Let Ax —> 0, Au — 0 and 
6 rs ~ iim (aw ae) 
; A Au 
7 aim 9 au . az > 05 
= lm e Patt 


(since the limit of a product equals the product of the limits of the 
factors). 


. dy dy du 
ee dx” dudx eocoeeVecr eee eee (2) 
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The student should note that in (1) Aw, Au, Ay are separate 
quantities and that Aw therefore can be cancelled to establish the identity. 
But this theorem cannot be proved by cancelling out the “dw’s in the 


R.H.E. of (2), for ov and zit are not fractions — each is a single quantity. 


However, it is an obvious help in remembering the form of the theorem 
that, if it were possible to cancel, the required result would be obtained 
by so doing. 
Nore: We have assumed that both a and au exist. 
Uu 


Corollary: Using the above method, we can prove that 


dy dz _, 
dx dy” 
dy _ i 
Hence Aa das 
ay 
Note: 7 
1. We have also called the theorem dy = dy au the chain rule or 
dx du dz 


composite function rule. It can be extended to cover more com- 
plicated cases; for example, 
if y is a function of Zz, and z is a function of wu, and uw is a function 


of x, then 
dy _ dy dz du 


dx ~ dz du dx’ 
2 Using functional notation, we can state the chain rule, as follows: 


If y = f(v) andu = ig then y = oer ens 


or ae = FP (4).9'(2). 
3. AS an important special case, we shall find the derivative of 
f(ax + b). 
Let y = f(av + b) and let u = aw + b. 
Then y is a function of uw and w is a function of 2. 


dy _ dy du 

dx — du dz 
_ dy 

du *< * 


For example, if y = (2% + 1)3, 
y = u’, where u = 2% + 1. 
a ee 
— 6(2¢ + 1)2, 


It is important that students should learn to differentiate at sight 
i = f(ax + b) - particular cases. For example, 


£ (2 — 32) = - (—8e + 2)* = 4(—3x + 2)3 & (—3) = —12(2 — 32). 
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4. Students are reminded that another important special application 
of the chain rule is given in §6-7, where it is proved that: 


If y is a function of 7, then 


d 
qa Y”) ee) 


Similarly it can be proved that £. (y®?) = 3y?. 


Example 3. 
Find the derivative 
Let y 
dy 
da 


Example 4. 


Find the derivative 
Let y 


dy 
dx 


Example 5. 


Find the derivative 


Let 


ay 
dx 


of 


of 


dy 


dy 


dx’ and so on. 


(ax? + b)!*, where a and Bb are constants. 
(ax? + b)* 

ui2 where u = ax? + D. 

ae (chain rule) 

12u . 2ax 


24ax (ax? + b)1, 


re? — 3a 4 
\/2a8 — 3a 4 
Vu, where u = 243 — 38H + 4. 
oy. a (chain rule) 
re (6%? — 3) 

6x2 — 8 


2/208 — Ba + 4 


1 
(@ + 1) 


eee ee 

(a? + 1) 

—= u*, where u = x 4 1. 
du 


——w 


oP (chain rule) 


6x 
"@ +p 
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Alternative method: 
Ks 
(@ 1) 
= + where 2 = u and u = 2 + 1, 


d dy dzd 
or — ae In de (chain rule) 


Let y = 


= =. Bu, Be 
U2 

— — 6% . 75 

oa 6x 

(a? 4+ 1)4 


§6:12. Theorem: The derivative of the product of two functions. 


If y = uv, where u = f(#) and v = g(«), then 


Let Av, Au, Av, Ay be corresponding increments of x, u, v and y 
respectively. | 


(u + Au)(v + Av) 


y + Ay = , 
= uw +v.dAu + udv + Au. Av. 
But y = wv; 
oo AY = vVv.AuU+t U.Av + AU.AY. 
Ay _ Aw, Av, du dv 
AD ae eg ae ae Ae aa’ 4 
m We x Au | Av, du do 
Then Pear a Ford ; (v Ge ee ie + AG Ag 4Y) 
= lim vx lim =e 
At > 0 Az > 04% 
: AV 
+ lm wuwexX lim — 
Ax —> 0 Ax—>o &% 
+ lim My tm @ ye lim az 
Ax—>o4 At—>o4% ~~ paro>o0 
du dv 
dy du dv 
Hence @ ~*at Ym: aiSciecatral dine eet (1) 
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Using functional notation we can state this theorem as follows: 
d , , 
Galt (*) -9(@)} = 9%) FP (@) + F(*) .9"() 


or if p(w) = f(*#).g(%) then 
p’(%) = g(#). f(x) + F(%) .9'(%), 


where p’, f’, and g’ denote the derivatives of p, f, and g respectively. 


Note: 

1. The theorem can also be stated thus: . 
ae os = 1 du a adv (Obtained by dividing 
uv ax — U ax v ax both sides of (1) by ww.) 


2. The theorem can be extended to a product consisting of more than 
two factors. In this case it is convenient to state it in the form 
Obtained in Note 1. If uw, v, w are functions of 7%, then 

1 d _ 1 du 1 dv 1 dw 
mow da ude + wv de + wide’ 


The proof is left as an exercise for the student. (See Exercise 28, 
question 48.) 


3. Compare the theorem for the derivative of a constant and a function 
with the theorem for the derivative of the product of two functions, 
noting carefully how they differ. 


(Challenge question: Which of these two theorems includes the 
other as a special case? Justify your answer.) 


4. The derivative of a quotient — may be found by writing — = uy 
and applying the product rule. 


Thus if y = — =U, 
dy 


_, du a, 
ee age Ue) 


Example 6. 
Find the derivative of (x* + 1) (av? + b)!* where a, b are constants. 
Denote (x* + 1) (ax? + 6b)! by y, then 
y = (x* + 1) (ax? 4+ bd)”. 


Let u=a*+4+i1, .. ou =. 493. 

let v = (av? + D)¥, .. oe = 12(axv? + D)!!, 2ax (chain rule) 
_ . dy du dv 

But y = wv, a =v qe tae 

‘. oy = (ax? + bj). 403 + (x44 + 1). 24ax(a~? + b)1 


(ax? + 6b), 4x{(aw? + b) x? + (xt + 1). 6a} 
Ax(av? + b)4(Taxt + ba? + 6a). 


2 
3: 
4 
5. 


16. 
17. 
18. 
19. 
20. 
31. 
32. 


33. 


34. 


35. 
36. 
37. 
38. 
39. 


Use the chain rule to differentiate the functions in avesHone is 15 
(a, 6, c, m are constants). 


1. 


(4% + 3)? 


(1 — 3@ + 42)5, 


V3xr + 1. 


- Va? + 5m. 


(ax + b)”. 


Use the chain rule to write down (at sight) the derivatives of 


ALGEBRA AND CALCULUS I 


Exercise 28. 


ee 1 
6. Ve —_ TOE. 11. (@ + 2)(@ — 2) 
7. \/ax? + b&@ +e 12. (1 + x)", 
8. (ax? + be + c)-. 13. (x + a)*+. 
9 Se 14. Wa? — 1. 
1 | a 
1. pa? Jae 8 


the functions in questions 16-30 (a, b, nm are constants). 


(8a + 4)5, 
(8% — 2)4. 
a — a“)*. 
(2 — 3x)°. 


(ax + b)#4. 


If y = V1 + «?, show that dy = 


21. 


22. 


23. 


24. 


25. 


; 1 
(b — ax), 26. a 
1 nN 
te 6 27. reais 
A 2 ‘ 
7 mG i 28. (x? + 3)‘. 
ees 3 5 
eee a 29. (xv? — 1)5, 
ae 30. (322 — 2)? 
4¢ — 7 ; ; 
x 
dx Yy 


If f(z) = (2 4 =) find f’(2). 


Use the product rule to find the derivative of (8% + 1)(5a” + 2). 
Check your answer by expanding the given product and then 


differentiating. 


Repeat question 338 for the following products: 
(i) (@* — 3) (# + 2% — 5); 

(ii) (7? + 1) (8%? — 2% + 1). 

Find the derivatives of the eoEe products (questions 35 - 48). 
(w® — 1) (2%? + 4% — 38). (40.) ae T. 

(8a? + 4% — 5)(2%8 — vw? + 3). A. (2x? + 3)\/a — 3. 


(v7 — 1)?°(2u? — 


9). 


(1 — x)19°(2x2 — 9). 
(8%? + 4)5(3 — 2%)4. 


x +1 
2. 2. 
4g 
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Challenge questions 


44, If oy = 10(8x7? — 4)°. 62%, find y. 
45. If su — —2(4 — 3x’) . 9x2, find y. 
dy ; 
46. If ia 6(4u% + 2)5, find y. 
dy _ n= as 
47. If i 7(2% — 1)8, find y. 


48. If y = uv, where u and v are functions of x, prove that 
1 dy 1 du 1 dv 
y da = ude * Ode 
Establish a similar result for the derivative of www, where u, v, w 
are functions of 2. 


§6-13. The derivative of sin x. 


Fig. 2(a). 


Fig. 2(b). 


A comparison of the graphs of the functions sin «° (see Figure 2(a) ) 
and sin 2, where ~z is the circular measure of the angle (see Figure 2(b) ) 
shows that although they appear similar with the typical wave curve, 
in fact they are essentially different. The difference lies in the fact 
that in order to make the graph of sin 2° have a similar appearance to 
that of sin 7, there has to be a great disparity of the scales on the two 
axes. If, for example, the gradient of the curves at the origin is 
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determined by considering the gradient of a tangent at that point, 
allowance has to be made for this disparity. If the tangent of the angle 
made with the positive 2-axis is calculated by constructing a right- 
angled triangle, this equals the gradient of the curve only when the 

scales on the two axes are the same as in the graph of sin x (Figure 2(b)). 


Indeed, the two functions have very different gradients at the 
origin, that of sin 2° is very small, and that of sin xz is 1, as the 
following extracts from the tables show. 


x 0 0-01 0-2 0:3 0-4 1 

sin 2° 0 0:0017 0-0035 0:0052 0:0070 0:0175 
x 0 0-01 0-02 0:03 0-10 0-40 

sin x 0 0-010 0-020 0-030 0-100 0-389 


From these figures it is evident that the gradient of secants joining 
the origin to neighbouring points on the curves of sin x° and sin 2 are 
nearly constant; in the case of sin x° it is 0-0175 and for sin 2 is 1. 
From this we conclude that the gradient of sin 7 at (0, 0) is 1. Similarly 
we find that the gradient at (27, 0) is 1, and the gradient at (—z, 0), 
and (z, 0) is —1. 


' 
} 


The curve of sin x has turning points at — —,— —,— > aS the 
portion of the graph (Figure 2(b)) shows. We conclude that the gradient 


37 | 37 
at ( - “O° 1 ),(- +. -1),(41 )( —1) is Q. 


An inspection of the curve also shows that in the intervals 


ea 0s 4“< the gradient is positive but decreases 


a: 3 


from 1 to Q, that in the intervals _2 <¢ <s —7, = < x“ <S 7, the 
gradient is eee and oo from 0 to —I1, that in the intervals 


from —1 to 0, and that in the interval — oy <= 2# Ss QO, 2 <x“ S 2z, 


the gradient is negative but increases 


the gradient is positive and increases from 0 to l. 


This information about the gradient of the graph of the function 
sin x enables us to draw up the following table of values of the derivative 
| of sin 2. 


T Tv T 
value of max. value decreasing 0 decreasing 
derived function of 1 
37| 382 =(|[38r _ CC; | 
value; min. value | increasing 0 increasing max. value 


of —1 : | of 1 
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If we compare this table of values with a similar table of values 
for cos x the comparison suggests that cos x is the derived function of 
sin x. Although this impression is strengthened by a comparison of the 


value of cos x and the value of the quotient Sm Af) — sin @ 
for other values of x such as 0-2, 0-4, 0:6, 0°8, 1, wou. and Av = 0-01, 
this does not constitute a proof. 

x 0:2 0.4 0-6 0-8 1 


cos # 0-980 0-921 0-825 0.696 0.540 
quotient 0-979 0-919 0-823 0-693 0-536 


A proof of the theorem that the derivative of sin x is cos x, where 

x is a measure in radians, i.e., the domain is the set of all real numbers,* 
sin 6 

— I, 


requires the use of the limit discussed in Section 5-1, lim 9 
6—>0 


where 6 is a radian measure, and trigonometrical formulae. Students, 
6+ ¢.. 9 — ¢ 
9 sin 9 


who have derived the result sin 6 — sin ¢ = 2 cos , could 
use the following proof. 
Let y = f(%), and y + Ay = f(x + A), where f(x) = sin 2. 
Then y + Ay = sin (% + AZ”). 
But y = sin 2; 
°", AY = sin (*% + AX) — sin & 


= 2 cos (2 -|- =) sin = 


2 
2 cos {|x + =) sin = 
: cca AX AX 
sin 
AX 2 
= cos (# + 5 ). re 
2 
(dividing numerator and denominator by 2). 
i mn 
lim <2 — lim cos (2 + >) Se 
At—>0 4% Ax — 0 anu 
1 i 
= lim cos (« | 7) <x lim So 
Ax — 0 4Ax —> 0 aad 
= (cos %) X 1. 
Hence ou = COs &. 
z 


*The relationship between sin x° with domain the set of all angles and sin x with domain the 
set of all real numbers is discussed in Preparatory Mathematics. The link is provided by radian 


measure. 
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§6-14. The derivative of cos x. 


By a similar method it ge be proved that if y = cos 2 and @Z is 
y | 


a measure in radians, then iz —sin «. 
This derivative can be obtained by the “chain rule’ from the 
derivative of sin x using the substitution sin > — x) for cos &. 
Let y = cos & 
a sin (4 = z) — sin 4, where u = —- — 2. 
dy _ dy du : 
An a de (chain rule) 
= (cos uw). (—1) 
— —cos (2 — x) 
= 7 
=— —sin 2%, 
Note: | | 
It is essential to remember that these results are true only if the 
angle is measured in radians; for they depend on lim = a = 1, where 
d—0 | 
6 is the radian measure of the angle. 
To find ou when y = sin x°, we proceed as follows: 
2° = a radians (Since + radians — 180°). 
. y=sin 
“7 180 
= sin Wu, where u = ula 
7 : ~~ 180° 


ie. y iS a function of wu, which in turn is a function of @. 


F dy dy du : 
Since ie ae ae (chain rule) 
d 
oe aa = cos u X aRO 
_  —— at cos xin 
~ 180 180 
_ 7 ° P 7H . _ od 
= Iso cos & (Since Ts0 radians = 2°). 
Similarly, it may be shown that if y = cos 2°, 
dy — — -— sin x° 
dx 180 ; 


The use of radian measure simplifies our work, as it allows us to 
avoid the awkward numerical factor aear In this section and remaining 
sections of this book, it is assumed that all angles are measured in 
radians, unless the context makes it clear that degrees are to be used. 
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Example 7. 
With the aid of the chain rule find the derivative of 
(a) sin (av + 5D), (b) cos 3%, (ce) sin 23, (d) sin® 2. 


(a) Let y = sin (av + Db) 
— sin u, where u = ax + Ob. 


dy _ dy du 
dx ~ du adx 
— cosu x a 


— acos (av + Db). 


Note: Thus £ {sin (ax + b)} = a cos (av + D). 
Similarly it can be shown that 


£ {cos (ax + b)} = —a sin (ax + Db). 


These are important results and should be memorized so that 
derivatives of functions of the form sin (ax + 6b) and cos (aw + bD) 
can be written down at sight. 


(b) £ (cos 3x) = —8 sin 32. (Using the second result in (a).) 


(c) Let y = sin x? 
= sin uw, where vu = 2°. 


dy dy du 
dx ~ du dz 
= COS u X 3x? 
= 92 C0s 2°. 
(d) Let y = sin? « = (sin «)3 
| = u®, where uw = sin &. 
dy dy du 
dx ~— du'dx 


3u? xX COS x 
3 sin? 2 cos &. 


Exercise 29. 


Differentiate w.r.t. x or 6 (as the case may be), given that a, a, b, 
where they occur in this exercise, are constants. 


1. 4sinz% - ° © 8. x* — 3 cos &. 

2. 3 cos &. 9. 4” + 4 cos &. 

3. sin x + cos % = wid 10. 1 — sin @. 

4. sin 2 — cos 2. 11. 4 sin 6 + cos 6.. 
5. 3sinx —4cosa% - «|. 12.6—3sin6 © 
6. x + sin &. 13. sin (6 + a). . 


7. &% + cos &. oy | 14. cos (6 — a). 
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the result in the form of a product, find the derivative of tan 2. 
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15. sin (az + b).. | 19. cos 36. 
16. cos (ax + b). 20. sin s 
17. cos (+ — 6 ) 21. sin (24 + 1). 
18. sin 42. 22. cos (7 — 2). 
23. (a) 2sin 2;  (b) sin 2a; (c) sin +; (d) sin? 2; 
(e) sin (#2); (f) sin (#7 + a). 
24. (a) 3 cos &; (b) cos 32; (c) cos 3 (d) cos® a; 
(e) cos (#8): (f) cos (#3 + a). 
25. sin® 6. 37. cos? (7 — 26). 
26. cos (387 — @). 38. \/a + b sin . 
27. sin” x. a arr 
Va + 6 cos & 
28. cos” ‘x. 40. cos x°. 
29. 2 cos x + cos 2. 41. sin (av + b)?°. 
30. 3 sin* x + 4. 42. cos (\/2). 
31. cos 2% — cos 32. 43. b sin? « + a sin &. 
32. sin = cos = 44. sin? 2.cos x -+ cos? 2. 
33. cos? x -+- sin? x. 45. x sin 2. 
34. sin? > — cos? so 46. x? cos 2x. 
35. 1 — 2 sin? 2. -47, If ou = cos @, find y. 
36. sin? 2. 48. If oy = 3 cos 32%, find y. 
Challenge questions 
dy ; . ‘ hs 1 T 
49. If dz — 5in 2%, find y in terms of w if y = oF when #7 = 3° 
50. If ou = cos (av + b), find y in terms of &. 
dy . : 
51. If in cos (% — a), find y in terms of 2. 
52. Differentiate (i) ——; (ii) = - : 
COS x sin x 
53. By writing tan x in terms of sin # and cos x and then expressing 
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54. Find the derivative of cot 2, 
(a) in the manner of question 53, 
(b) by using the result of question 53 and the chain rule. 


55. If ou = cos a and y = 0 when x = 1, find y in terms of 2, given 


that a is a constant. 


Section 6. — Revision. 


1. Define: derivative of a function. 
Find from first principles the derivative w.r.t. x of the following: 


(i) 387? — 2; (ii) c + bx — ax?; (iii) » (iv) 1/\/%. 
2. eee 
(i) a £ (50% — 2% + 4/2); (ii) D(1 — 3¢ + 48); 
“w+i1— 2 
(iii) 4(#t1= 2) 


3. If f(v) = (1 — %)(3 + 2%), find (i) f’(3); (ii) f’(0). 
4. State the theorem known as the chain rule. Use your result to find 
the derivatives of 
Gi) VQ — «(1 + 2x); 
(ii) (av? + bx + c)*®, where a, b, c are constants; 
(iii) eee eee 
(1 — 2@?)*° 


5. Show how to find a rule for finding the derivative of the product of 
two functions. Use your rule to find the derivative of: 
(i) (24% — 342 + 2% — 4) (a? + 384 — 9); - 


(ij 
3a? + 4° 
6. Write down 


(i) 7 + ee = 81; 

(ii) 277 + 3y? = 10; 

(iii) y? = 4a; 

(iv) 7 — y? = 9; 

(v) w+ ey? + 6% — 4y — 10 = 0; 

(vi) 247 + 2y? — 4% + By — 6 = 0; 
(vii) ax? + by? = 1 and a, b are constants; 

> (viii) v7 + 3xry + 2y? = 6. 
7. Write down the derivatives of: 
(i) cos (6 — ax); (ii) sin 47; (iii) cos 24; (iv) cos* 2. 


8. Find the derivatives of: 
(i) (@ cos & + 5b)”; - (ii) sin 


given that 


3 (iii) 2? sin @?. 
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SECTION 7. 


§7-1. 


APPLICATIONS OF THE DERIVATIVE 


The sign of the derivative. 


The following is a summary of information about a function which 


can be obtained by considering its derivative. We assume that we are 
dealing with continuous functions only, or with functions which are 
continuous in a given interval. 


If y is a function of 2%, ie, y = f(%), ow measures the rate of 


change of y with respect to x. (See §4-3.) 


1. 


If oy is positive at a particular value of 2, i.e., f’ (%1) > 0, then y is 


increasing as © increases through the value 7,. If y increases as x 
increases from the value a to the value J, y is called an increasing 
function in the interval from 7 = a to « = b 


Increasing function. Increasing function. 


(ii). 


Figure (i) and Figure (ii) both show the graph of an increasing 
function in the interval from x = ato x = Db. In Figure (ii) note 
that all the ordinates are negative, so that the values of the function 
increase algebraically as their magnitudes decrease. 


The tangent at any point on the graph of an increasing function 
makes an acute angle with the #-axis. 


dy . 
It 7. 


is decreasing as 7 increases through the value 7,. If y decreases as x 
increases from a to 0, y is called a decreasing function in the interval 


is maeeative at a particular value of v, ie., f’(41) < 0, then y 


fromz=atoz= b 
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Decreasing function. Decreasing function. 


(ili). (iv). 


Figure (iii) and Figure (iv) both show the graph of a decreasing 
function in the interval from + = a to x = Db. In Figure (iv) note 
that all the values of the function are negative and therefore 
decrease algebraically as their magnitudes increase. The tangent 
at any point on the graph of a decreasing function makes an obtuse 
angle with the positive x-axis. 


If aid = 0 at a particular value of 2%, ie., f’(%,) — 0, we say that y 
has a stationary value at x = %,. The corresponding point on the graph 
of y = f(x) is called a stationary point. The tangent to the graph 


at a stationary point is parallel to the z-axis. 


There are three types of stationary value: 
(a) If f’(%,) = 0 and f’(x) changes sign from positive to negative as x 


increases through the value 7,, then y has a maximum value at 2. 


(For in changing from an increasing to a decreasing function, y must 
pass through a maximum value. ) 


(b) If f’(%,) = 0 and f’(%) changes sign from negative to positive as x 


increases through the value %,, then y has a minimum value at 2%. 
(For in changing from a decreasing to an increasing function, y 
must pass through a minimum value.) 

Maximum and minimum values of a function are called turning 
values. It must be remembered that they are not necessarily the 
same as the greatest and least values of the function in a given 
interval. Because of this a turning value is often called a local 
maximum or a local minimum. 


(c) If f’(%,) = 0 but f’(%) does not change sign as x increases through 


the value %,, the function is either increasing both before and after 
this value of x or decreasing both before and after. Therefore the 
function has neither a maximum nor a minimum value at 2%. 


The point on the graph of a function at which f’(x) = 0 but does 


not change sign is called a point of horizontal inflection. At such a 
point, the tangent to the curve is parallel to the x-axis and crosses the 
curve. (See diagram below.) 


ALGEBRA AND CALCULUS I 125 


Example 1. 


Show that y = 8 + 152? — 2a8 is an increasing function only when 
0O< 2% < 5. 


y= 8 + 15x”? — 273, 


= 380% — 6x? 


— 64(5 — 2). 


Graph of a 


Since 30% — 62%? is a quadratic expression in which the coefficient 
of x? is negative, this expression is positive only for values of x lying 
between the roots of the equation 30% — 6x”? = 0. Hence ow is positive 
only een 0 < x < 5. It follows that y is increasing only when 


“0< e¢~< 5 


Exercise 30. 


1. Answer the following questions with reference to a continuous 
function y = f(%). 


(i) Must f’(”) change sign when f(x) passes through a stationary 
value? 


(ii) sere the procedure for finding maximum or minimum values 
of f(x). 


(iii) Can a maximum value be followed by a maximum value? 
A minimum by a minimum? | 


(iv) If a minimum value is positive, what is the sign of an adjacent 
maximum value? 


(v) If a maximum value is negative, what is the sign of an adjacent 
minimum value? 


2. Find the stationary values of the following functions and determine 
their nature. | 


(i) f (2) = « — 6a? 4+ 94 — 2; 
(ii) f(z) = #3 — 8a2 + 38a + 4; 


(iii) f(z) =e + =. | 


3. Show that f(x) = x? — 2x? is a decreasing function only when 
OES Qe ee: HG, 
4. Find the intervals for which the following functions are 
(a) increasing; (b) decreasing. 
(i) y = w? — & — 6G; Gi) y = a + 40% — 30 — 18. 


5. Prove that, for all values of 7, the function f(x) = az + 4% — 100 
increases as x increases. | 
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Challenge question 


6. Find the maximum value of y = x(x -++ 3)(x% + 8). For what other 
value(s) of x is y equal to this maximum value? For what values 
of x is y greater than this maximum value? 


§7-2. The second derivative. 


If f is a function of 7, then we can find f’, the derived function of 
f, provided that it exists. Now, since f/f’ is a function of # in its own 
right, provided the derived function exists, then we can find the derived 
function of f’, ie. (f’)’, or as it is more usually written f”. This is 
usually referred to as the second derived function of f. 


Just as f(z) is the value of the function at x, and f’(x) is the 
value of the derived function or the derivative at xv, so f’(x) is the value 
of the second derived function or the second derivative at %. 


For example, 
if y = «4, then oy =— 4x5; or if f(x) = «4, then f’(%) = 423. 
Differentiating 24 a or f’(%), we have 


a (S) = £ (408) =e; 
or 7’ (x) = 1227. 


Alternative notations: 
dy 


(i) The first derivative of y with respect to « is written da’ and 
the derivative of ou i.e., the second derivative, is denoted by the 


symbol — 5 a (read as “d two y by dz squared’). 


(ii) The first derivative of y = f(x) may be denoted by Dy and the 
second derivative by Dy. 


(iii) The first derivative may be denoted by y and the second derivative 
by ¥. 
Hence, if y = f(#), then 


d dy = d*y ” eee 
ae (#) =o = Dy = f"(«) = ¥. 
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§7-3. The sign of the second derivative. 


e,e ad’ | e e 
When ay is positive, - When 7 is negative, 
the graph of y = f(x) is concave the graph of y — f(x) is concave 
upwards. downwards. 
d?y 


Figure (i) shows part of the graph of y = f(x) where dx? is positive. 


If a is positive, ou is increasing. From A to B ad increases from 


large negative to zero, and from B to C ou increases from zero to large 


positive. As a point moves from left to right along the curve in Figure (i) 
the right-hand end of the tangent at the point swings upwards and the 
curve lies wholly above any of these tangents. The curve is concave 
when viewed from above and is said to be concave upwards. Thus when 


aty is positive, dy is increasing, and the graph of y = f(x) is concave 


ax? dx 
upwards. 
d " d7y . , 
Figure (ii) shows part of the graph of y = f(x) where dx? is negative. 
If eu is negative, oy is decreasing. From P to Q cu decreases from 


large positive to zero, and from Q to R ou decreases from zero to large | 


negative. As a point moves from left to right along the curve in Figure 
(ii), the right-hand end of the tangent at the point swings downwards 
and the curve lies wholly below any of these tangents. The curve is 
concave when viewed from below and is said to be concave downwards. 


Thus when at] is negative, oy is decreasing, and the graph of y = f(x) 


is concave downwards. 
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§7-4, Use of the second derivative in finding maximun and minimum 
values. 


If y = f(x), then y has a maximum value when /f’(%) = 0 ata 
particular value of x and /’(x) changes sign from -+ to — as x increases 
through this value. This means that f’(%) is decreasing when y has a 
maximum value; hence the rate of change of f’() is negative, i.e., f(x) 
is negative. 


From the above discussion, it follows that y has a maximum value 
when 
(a) f’(~) = 0 at a particular value of 2%, 


and (b) f’(x) is negative at this value of «. 


Again, y has a minimum value when /’(x) = 0 at a particular value 
of x and f’(x) changes sign from — to + as 2x increases through this 
value. This means that f’(%) is increasing when y has a minimum value; 
hence the rate of change of f’(%) is positive, i.e., f’(%) is positive. Thus y 
has a minimum value when 


(a) f(x) = 0 at a particular value of z, 
and (b) f”(x) is positive at this value of 2. 


§7°5. Graphs of y = f(x), y = f(x), y = f’ (x). 


Y 
12 y= f(x) = 6x — 6 


y = f(x) = 3x(x — 2) 


4 y=f) = 2327 +4 
\ x 

SNK x 
KL 
a4 


Let y = f(%) = (@ + 1) (4 — 2)? = a — 3822 4+ 4. 


Su — f(a) = 322 — 6x = Ba(a — 2). 
dey. 
<— —— f’ (#) — 6x = 6. 


The diagram above shows the graphs of y = f(x) and the graphs of 
dy d?y 
Ae and da?" For any given value of x we can use the graphs to read off 


corresponding values of y, “ , and ay The results obtained confirm 


ax? 
those given in §7-3 and §7-4. 
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; 2 
(a) When # < 1, at] is negative, /’(x) is decreasing, 


the graph of y = f(x) is concave downwards. 


In particular, when a 0, 
dy = 0 dy 


Ja == % gyz i8 negative, y has a maximum value. 


(b) When 2 > 1, ow >is positive, /’(”) is increasing, 


the graph of y = f(x) is concave upwards.- 


In particular, when «© = 2,. 


dy _ dy — 
ic = 0, x? is positive, y has a minimum value. 


Note: When 2 = 1, ou —0, /f’(*) has astationary value, 
the graph of y = f(x) changes from concave downwards to concave 
upwards at A. A is called a point of inflection. The tangent at A crosses 
the curve at A. To distinguish such a point from a point of horizontal 
inflection, it is called a point of oblique inflection. | 


§7-6. Use of the first derivative. 


The fundamental test for a turning value of a function is that 
given by considering the change of sign of the first derivative. (See §7-1 
and §4-3.) 


The test using the second derivative cannot be used when f'(*%) =0 


at a particular value of x and f”’(x) = 0 at this value of-x. Consider 
for example, 

(i) y = 23; (ii) y = at; (iii) y = —24. 
For each of these functions f’(x7) = 0 when x = 0; we also have 
f’(0) = 0. By using the first derivative test, we can show that when 


(i) y = «x has a point of horizontal inflection, 
(ii) y = x* has a minimum value, 
(iii) y = —wz* has a maximum value. 
Even when the second derivative test for a turning value can be 


used, the first derivative test may be the simpler to apply. This is 
illustrated in Example 4 below. 
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Example 2. 
Find the maximum and minimum values of 7 + 6% + 6%? — 223. 
Let y = 7 + 6% + 627 — 22%, 
. ay | 2 i 
es 6 + 12% — 677 .... (i) 
= 6(1 + 2% — x?) 
dy _ | 2 
dq — 9 When il + 2% —- & == <0), 
ie., when # = ever s —- 1+ v2. 
, ay 
From (i), 7 12 — 12% = 12(1 — 2). 
When # = 1 — v2, 4 = 120 — 1 + v2) = 12/2. 
dy 


- Since da? is positive, y has a minimum value when 7 = 1 — V2. 
Ymin. = 7+ 6(1 — V2) + 6(1 — V2)? — 2(1 — V/2)8 
= 17 — 8V/2. | 
When 4 = 1+ V2, ou — 12(1 — 1 — V2) = —12v2. 


2 . 
Since ou is negative, y has a maximum value 
when 7 = 1 + V2. 
Ymax, = 7 + 6(1 | V2) -|- 6(1 + V2)? a 2(1 + \/2)3 
— 17 + 8V2. 


Example 3. 
Investigate the stationary values of y = az? + bx +. 
Y= aw? + ba +c. 


a = 2ax -- b (i), 
d - 
oo re (ii). 
uk dy ; b 
From (i), a 0 when 2ax% + b= 0, ie, when + = — 3a" 


From (ii), when a is negative, y has a maximum value at 


And when a is positive, y has a minimum value at x = — 


_ _  — 4ac 
Ymin. — 4a * 


2 
2a ° 
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Example 4. 


Ses gee : . eorex — 6 , 
The derivative of a function F is (@ +124 4° Find the values 
of x for which F has a stationary value and determine for each of these 
values whether F is a maximum or a minimum. 


Let y = F(2). 
dy =x +2 —6 
Tene > (ae ye A 
_ (@ + 3)(# — 2) 
~ (% + 1)? + 4 : 
, @ — 0 when (@ + 8)(@ — 2) = 


ie., when + = —8, 2. 


Since (x + 1)? + 4 is positive for all real values of 2, the sign of 


fy will be the same as that of (# + 3)(a — 2). Hence: 


dy 


when « < —3, ae is + ve, 
when —3 < “& 2 dy is — ve 
< 4; an , 
dy . | 
when x > 2, da 38 + ve. Graph of x? + x — 6. 
When xz = —38, ov = 0 and changes sign from positive to negative. 
Therefore y = F(x) has a maximum value when 2 = —3. 
When xz = 2, ou = 0 and changes sign from negative to positive. 
Therefore y = F(#) has a minimum value when x = 2. 


Nore: It should be clear that the test based on the second derivative would lead to more complicated 
calculations in the Example just given. 


Exercise 31. 
In questions 1-10 find oe. 
1. y= x — 5x 6. y = sin 2%. 
2. ¥ = ew — Qu? — 1. 7. Y = Cos? &, 
3: 4 = V2. 8. y = a*(x% — 1). 
1 1 
=U =e Be Ue ee 
2 
y= St 10. y = (1 — 322)3, 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 
18. 
19. 
20. 
21. 
22. 
23. 
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Investigate the stationary points on the graphs of 


(i) y= @,; (ii) y = 2. 

Sketch the graph of y = f(x) for the interval from x = 1 to # = 8, 
given that ou steadily decreases from 1 when x = 1 to —1 when 
x = 8 and is zero when x = 2. 

What is the sign of a for this part of the graph? 


What is the nature of the ordinate at x = 2? | 


Show that the point P(2, 2) lies on the curve y = x(x — 1)?. Does 
the curve in the neighbourhood of P lie above or below the tangent 
d7y 


at P? Justify your answer by referring to ane 


Repeat question 13 for the curve y = x% + = and the point P(2, 24). 


Verify that the given point lies on the curve and determine whether 
the curve is concave upwards or concave downwards or neither at 
the point: 


(i) y = 24 — a at the point (1, 1); 
Gi) y = 2% — x? at the point (2, —4); 
(iii) y = (2% — 1)? at the point (0, —1); 
(iv) y = x* — x at the point (%, —'s). 
Find the intervals of values of « for which the graphs of the follow- 
ing functions are 


(a) concave upwards, (b) concave downwards: 


(i) y = 23 — 32°: (i) y = =; 


(ili) y = 18 + 38% — 4x? — 73, 


Use the second derivative to determine whether the following 
functions have maximum or minimum values. 


au? — 4x + 7%. 24. 11 + 24% + 327? — 22%, 
2 _ 
3x? + bx 9. oe eo 
ax? + 54 — 2. : e 
2 250 
ax? + bx + ¢. 26... @? aes 
| Z 
2x" — 3x7 — 12% + 7. 


2 
203 — 6x2? — 30% + 1. 27. ar? + a. 


5 + 12% — Ta? — 223, 


28. 


29. 


30. 


31. 


32. 


33. 
34. 
35. 
36. 


37. 


38. 


39. 


40. 
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Sketch parts of the graph of y = f(x) for which 
(i) f(x) and f”’(x) are both positive; 

(ii) f(z) is positive and /”(x) is negative; 

(iii) f(x) is negative and f”’(x) is positive; 

(iv) f’(#) and f”’(x) are both negative. 


dy 


If y = ax’ + bx + ¢, find Fo. 


Hence show that the graph of 


—Y¥ = ax + bx + cis everywhere concave Bp eres when a > 0 and 


concave downwards when a < 0. 


Draw the graphs of f (x), f'(«), f’(2) in one diagram and comment 
on the graphs: | 


(i) f(*%) = x? — 2a; 
(if) f(a) = 2; 
(iti) f(z) = w2(e + 2). 


If y = f(x) = 22(1 — a), sketch the graphs of f(x), f(a”), f(x) 
in the same diagram. Find the points where f(x) is stationary. Find 
also the point where /f’(x) is a maximum or a minimum. 


If f(x) = 62? — 23, find the values of x for which f’(x) is 
(i) negative, (ii) zero, (iii) positive. 

Find also the values of x for which f”(x) is , 
(i) negative, (ii) zero, (iii) positive. 


Interpret the results with reference to the graph of y = f(«%X). 


dey 
If y = sin nz, find ok 
If y = asin nx + b cos na, ct == 0: 
dy 
If y = cos 22, det = —4y. 
; d7y 
If y = « sin 2x”, show that Ax? + 4y = 4 cos 2x. 


uw? —- 44 — 5 


If f’(2) = Ga Dp? show that f(x) has a maximum value 
when * = —1 and a minimum value when x = 5B. 
= x dy _ x? — 1 : 
Ify = To a ‘show that We ~ (a? f 1)? Find the maximum 
and minimum values of y. 

_ V2 dy _ | 1—¢ : 
Ilfy= i+ 2’ show that an Jel — 2)?" Find the maximum 


value of y. 


Given that f(*) = = (% — a). F (2) and that F(a) > 0, prove that 
f(x) has a minimum value when x = a. 
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§7-7. Problems on maximum and minimum values 


Example 5. 


A lidless rectangular box on a square base has a volume of 500 
cubic cm. Find the dimensions of the box when the surface area is a 
minimum. 


Let the side of the base be x cm and the 
height be h cm. 


Then, denoting the measure of the surface 
area by 8, 
S = #2 + 4¢h.... (1). 


[In this expression for S, we have two variables, x and 4. In order to find the minimum value of 
S, we must first find the derivative of S; and to do this, we must express S as a function of a single 
variable. By using the fact that the volume is constant (500 cubic cm), we can express 4 in terms of x; 
and this gives S in terms of x only.] 


Measure of volume = 500 = «2h; 
500 
h= (2). 
Substituting in (1), S = 2 + “2-900 
2.000 
= 2 eae 
= 
dS _ 4, _ 2000 
dx ~ gp? 
_ 242 — 2000 
— x 
as = 0 when 2x? — 2000 = 0; 
dx | 
ie., when x? = 1000; 
i.e., When x#% = 10. 


In the neighbourhood of x = 10, 


when x < 10 a8 is negative 


> dx 
ads . sane 
when x > 10, Ae IS positive. 
when x = 10, S has a minimum value. 
When x = 10, h= ao == 5, [from (2)]. 


the dimensions of the box for minimum. surface area are 
10em XX 10cm X 5cm. 


Note: The second derivative can be used to show that S has a 
. 2 
minimum value when « = 10. For i= —= 2 + 4000/z°, which is positive 
when x = 10. 
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Example 6. 


_ A cylindrical petrol storage tank is to be constructed of metal ou a 
concrete base. Find the relation between the radius of the base and the 
height of a tank so that the amount of metal used is the least possible 
to hold a given volume, V cubic cm. 


Let hem, rcm be the height and radius of the tank respectively, 
and let A square cm be the area of the metal surface. 


A = mr? + Qarh 1... cc cee (1). 
VS a RR eos (2). 


[We seek the least value of A. Since (1) contains the two variables + and A, we use (2) to express 
A in terms of r and substitute this value in (1). This gives A as a function of r only.] 


V 
h a nr? 
V 
A = ar? +- 2nr. are 
2V 
ioe 2 ss 
oy Ae ne 
aA . 2V 
ar —_— 2nPr — pe ee eee ee o (3) 
2rr? — 2V 
= re 
. cA =0 when 2rr? — 2V = 0; 
Yr | 


ie., when r = WV/z. 


2 
From (8), a = 24 — 2V(—2r3) = 2r7 + . 


—— 2A. ae see ee 
When 7 = WV/z, qe 38 positive, since each term is positive. 
when r = W/V/z, A has a minimum value; 
ie., When V = zr, A has a minimum value. 
But V = arh, | 
ar? = xwr*h, when A is least. 
ry =—h. 


.. the least amount of metal is used when the height is equal to 
the radius. 


Note: | 


In Examples 5 and 6 we use the fact that here the local minimum 
value is also the least value of the function for all values of the variable 
in the domain of the function. In our consideration of a minimum 
value of a function we saw that if f has a minimum value at %,, then 
f(%1) < f(x) for all values of x in the neighbourhood of %,, but not 
necessarily for all values of x in the domain of f. In these examples 
the domain of the function in each case is all positive real numbers. 
For this domain the function is continuous and has only one stationary 
point, a minimum, and so for all other values of the variable, the 
function has a value greater than the minimum. Students should check 
this by sketching the graphs of the functions. 
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§7-8. To find the greatest and least values of y — f(x) over a given 


interval of values of x. 


Method: 


Determine whether or not f is a continuous function of 2 for all 


values of x in the given interval. 


Then: 


(a) 


(b) 


If f is continuous for all values of x in the given interval, calculate 
the values of y at each end of the interval and when ow = 0. Then 
select the greatest and least of these values. 


If f is discontinuous for some value (%,) of x within the given interval 
examine the behaviour of y when x approaches x, (from below and 
from above). If y — -++ o when x —> 4%, then y has no greatest 
value; if y — — co when x —> 2%, then y has no least value. If a 
greatest or a least value exists*, calculate the values of y at each end 
of the interval and when wu = 0. Then select the appropriate value 


from these. 


Example 7. 


Find the greatest and least values of the function 
fru —> x£(% — 1)(5% + 38) in the interval —1 < 2 < 1. 


f is a continuous function of 2. 
Let y = “4(5x%? — 2% — 3) = 5x? — 2a? — 32. 


Then ou — 15”? — 44 — 3 = (8% + 1)(5% — 8). 
dy _ _ 1 _ 3 
dz — 9 When # = —-3 and when « = a 
when © = —1, y = —1.-—2.-—2 = —4; 
1 1 —4 4 16 
aaa ak a ee ee 
3 3 —2 36. 
when « = ey el 6 — 35° 
when *=—1,y=— 1.0.8 = 0. 


For the given values of 7, the greatest value of the function is = 


and the least value is —4. 


*i.e., if it is not excluded as a result of the examination mentioned above. 
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Example 8. 


Find the least value of the function f:% — 2x + 5 in the interval 


—3 < & < 3. Has f a greatest value in this interval? 


3< 2 < 3. 


‘When x = 0, 5 is not defined, and f is discontinuous at « = 0. 


When % — 0 (from below or from above), - > + 0; | 
f(#) — + o and hence f has no greatest value in the interval 


f(@) =2—-4 
f’(«) = 0 when & = 1. 
Now f(—3) = 5, 
f(1) = 3, 
1 
f(3) = 6 


The least value of f for the given interval is —s 


Students should sketch the graph of each of the functions in 


pee 7 and 8. 


aah 


Exercise 32. 


A rectangular block with a square base has a total surface area of | 
216 square cm. If each edge of the base is & cm long, prove that | 
the volume of the block is 4(108% — x*) cubic cm. Hence find the 
maximum volume of the block. 


A rectangular box, with lid, has a base twice as long as it is wide 
and a total surface area of 300 square cm. If the width of the base 
is 2 cm, prove that the volume of the box is 4(8007% — 42%) cubic. 
cm. Hence find the maximum volume of the box. 


The slant edge of a right circular cone is of length 9 cm. If the 
height is « cm, prove that the volume is $7(81% — <x*) cubic cm. 
Hence find the height of the cone when the volume is a maximum. 


The slant edge of a right circular cone is of length 3 cm. Find the 
height of the cone when the volume is a maximum. 


Find the minimum value of the sum of a positive number and its 


~ reciprocal. 


If the product of two positive numbers is 20, prove that their sum 
is a minimum when they are equal. 


If the product of two positive numbers is constant, prove that their 
sum is a minimum when they are equal. 


A metal box, on a square base and open at the top, is made to hold © 
133 cubic m. Find the least possible area of sheet metal that 
could be used to make it, 
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10. 


11. 


12. 
13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 
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A metal box, open at the top, is made to hold 36 cubic m. If each 
end is a square of side x m, show that the total surface area is 


2x2 + we square m. Hence find the least possible area of sheet 
metal that could be used to make it. 


The surface area of an open cylindrical can is 300 square cm. If the 
radius of the base is x cm, show that the volume is 4(300% — 7%) 
cubic cm. Hence find the maximum volume. 


The volume of a circular cylindrical block is 250 cubic cm. If the 
radius of the base is x cm, show that the total surface area is 


27x? + 2 Square cm. Hence find the minimum surface area. 


The strength of a rectangular beam x cm broad, y cm deep, is 
proportional to xy?. Find the breadth of the strongest rectangular 
beam which has a perimeter of 18 cm. 


A rod 1 metre long is cut into two pieces to form the hypotenuse 
and one side of a right-angled triangle. Find the maximum area of 
the triangle. 


Find the height of the right circular cone of maximum volume, the 
sum of the height and the radius of the base being a metre. 


An open rectangular tank on a square base is to contain a given 
volume of fluid. Prove that the cost of painting the inside will be 
least when the depth is half the width. 


A cylindrical vessel is open at one end. Prove that, for a given total 
surface area, the volume is greatest when the height equals the 
radius of the base. | 


A window of fixed perimeter is in the shape of a rectangle 
surmounted by a semi-circle. Prove that its area is greatest when 
its breadth equals its greatest height. 


Find the least value of 
(i) v7 + 6% — 9; (ii) 247 — 6% + 9; (iii) 244 + 27a. 


Find the values of x for which the following expressions are greatest. 
In each case give the value of the expression. 


(i) 7 — 4a — Qa: (ii) x — 2Qat: (iii) Tae (a > 0). 


Find the greatest and least values of the following functions for 
the given intervals of ~. 


(ii) v? — 12% — 7, —3 < « S 38; 
(iii) 1 + 24% — 3x? — #?, —5 < ¢&© <= 5; 
(iv) “(5 — #)(% + 3), —5 <4 <5; 
(Vv) (© — 8)(@ + 2)(@ + 5), —4 Sa 4. 
Find the greatest value of 16% — = in the interval —2 < « < 2. 


Has the expression a least value in this interval? 
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§7-9. Curve sketching. 


The student should be familiar with the graphs of functions which 
are discussed in the following sub-sections. 


A general procedure of discussing a function f and sketching its! 
graph is given below. 


1. Find the points (if any) where the curve cuts the axes, and any 
other obvious points. Calculating f(0) will give the point on the 
y-axis, and finding the zeros of the function (i.e., the values of x 
at which f(z) is zero) will give points on the z-axis. 


2. Find f’ and relate changes in the sign and magnitude of f’(x) to 
changes in the gradient of the curve. Remember that when f’(x) 
is negative the curve is falling, and when f’(x) is positive the curve 
is rising. The stationary points are found from the values of x 
which are the roots of the equation f’(x) = 0. In some cases f” (2x) 
gives an easy method of classifying stationary points. The values 
of x which are the roots of the equation f”’(x) = 0 may give points 
of oblique inflection. The following table summarizes the way in 
which a knowledge of the behaviour of the first and second 
derivatives may be used. 


First derivative 
(as x increases) 


Type of Point Second derivative 


Maximum | + 0 — — (or 0) 
Minimum | 0 -+ (or 0) 
Point of horizontal 0 0 
inflection 0 
Point of oblique | 


inflection 


any real value 0 


3. Consider |f(x)| and the sign of f(x) for values of x near the 
extremities of the domain, i.e., if the domain is the set of all real 
numbers, consider |f(x)| and the sign of f (v) when |z| is large and 
x is negative, and when *] is large and x is positive. As x increases 
classify the behaviour of f(x) at important values of x. Remember 
that for negative values of 2, as x increases to zero, |%|, which is 
a positive quantity, decreases to zero. 


4. If x occurs in the denominator of any term of f, find the values of 
x for which the denominator is zero; the function is not defined for 
these values of x and the graph is discontinuous. 

Consider |f(xv)| and the sign of f(*) fo1 values of x near each value 
of x at which there is a discontinuity. Be sure to consider values 
of x both less than and greater than the value of x at which there 
is a discontinuity. For example, if f is discontinuous at x,, then the 
domain is the union of two sets of real numbers, all real numbers 
less than %,, and all real numbers greater than #;. So we consider 
lf(x)| and the sign of f(x) for values of x near the extremities of 
each of these sets, i.e., when |x| is large and « is negative; when # 
is approximately equal to %,, but less than 2,5; when 2% is approx- 
imately equal to 2,, but greater than 2,; and when {z| is large and 
 # is positive. 
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5. Look for asymptotes. 


It may be helpful to tabulate the information obtained before 
sketching the graph. 


The first graph given is discussed fully to illustrate the use of this 
procedure. 


The notes given on the remainder are intended as an outline and 
summary. It is important that the student should verify the notes, use 
them to write out full discussions where necessary, and sketch the 
graphs for himself. 


§7-10. The graph of the parabola y = 
1. When x = 0, y = 0, .. the curve passes through the origin. 


2. wu — 2x. Hence “Wand therefore the gradient of the curve) 
increases continuously as x increases, being negative when 2 is 
negative and positive when ~ is positive. 

CO = 0 when x = 0. 

dx 

*. the function has a stationary value when x = 0. 
Since cu changes sign from negative to positive at the point (0, 0), 
this stationary value is a minimum value. 

3. When « is negative, y is positive, ... when x < 0, the graph lies 


in the second quadrant. As x increases to zero, x7? decreases to 
zero, therefore y decreases from large positive to zero. When %& is 
positive and increasing, y is positive and increasing, ... when 
x > 0, the graph lies in the first quadrant. Hence no part of the 
curve lies below the 2-axis. 


Also for any value of y, there are two values of 2, equal in 
magnitude, but al in sign; therefore the curve is symmetrical 
about the y-axis. 


The student should study iene the interpretation of the changes 


in n as x increases from large negative to large positive. 


Although ou , and hence the gradient, increases as x increases, in 


the second quadrant it is always negative (until « = 0), hence the 
gradient of the curve in this quadrant is negative and therefore the 
curve falls in the second quadrant. 


In the first quadrant, ou is positive and hence the curve rises in 


dy 
ax 
is consistent with the deduction made in 8, that y decreases in the second 
quadrant and then increases in the first quadrant.) 
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Summary: 


As x increases from large negative to large positive, 
zx<0 x= 0 x > 0 
positive and |. und : positive and 
y | decreasing 0 (minimum value) increasing 
dy . ; negative, but positive and 
dz’ ve» Sradient increasing 0 increasing 


falling, but less 


rising, more and 
and less steeply 


graph more steeply 


The graph of y = x’. 


dy _ | 
The graph of ix 7 2x. 


N | 

The graph of the derivative has been drawn immediately below the 
graph of y = 2? to illustrate the discussion of the curve. It is seen that, 
for example, from A to B on the graph y = 2’, y is positive and decreasing. 
The corresponding interval from A’ to B’ on the graph of a = 22 
shows that the gradient of the curve is negative but increasing in value 


(note that, however, a4 is decreasing). From C to D, y is positive and 


increasing; the corresponding interval C’ to D’ on the graph of mtd = 22 


shows that the gradient is positive and increasing. 


§7-11. The graph of y = —x*, 


This graph can be obtained from the graph of y = x? by changing 
the sign of every value for y (i.e., by reflecting the graph in the 2#-axis). 
Hence the graph is also a parabola. 
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Summary: | 
As & increases from large negative to large positive, 


x > 0 


x< 0 


y negative and negative and 
increasing decreasing 

dy . dient positive, but. negative and 
FP i aaah decreasing decreasing 


falling, more and 


rising, but less 
more steeply 


and less steeply 


graph 


The graph of y = —x’. 


dy _ 
The graph of x — 2x. 


§7-12. The graph of y= x? 


When x = 0, y = 0, .*. the curve passes through the origin. When 
zx is negative, y is negative and when 2 is positive, y is positive. 


— an 2 

Fi 3X". 

Y — 0 when 3x7 = 0; 
x 


ie., when 2 
.. there is a stationary point when x 


lI ll 
ee 


‘ dy . : 
Since da 18 never negative, 


the function cannot have a maximum or a minimum value. 
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There is a point of horizontal inflection at x = 0. 


a< 0 x > 0 


Y ly| decreases to 0 increases 

dy positive, but positive and 

Ox decreasing increasing 
graph rising, but less rising, more and 


and less steeply more steeply | 


Hence we obtain the following information about the graph of 
y = x°, When |2| is large and x is negative, |y| is large and y is negative, 
and the graph is rising steeply; as the values of x increase to zero, the 
values of y remain negative, but decrease in magnitude, and the graph 
continues to rise, but less and less steeply; when x = 0, y = 0 and 
the graph is “flat” at the origin; as the values of x increase from 0 to 
large positive values, the values of y become positive and increase 
without limit, the graph rising more and more steeply. 


The graph of y = x’. 


dy 


The graph of k= 3x’. 


The graph of oy = 82x? has been drawn immediately below the graph 


of y = x* to relate changes in a with changes in the curve. For 
example, from A to the origin y is negative and increasing. The slope 
of the curve is positive and decreasing since the ordinates from A’ to O 
are positive and decreasing. At the origin the gradient is zero. 
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§7-13. The graph of y — x!, 
1. The curve passes through the origin. 


2. oy = 4z°, Hence ou (and therefore the gradient of | the curve) 
increases continuously as «x increases, being negative when 7 is 
negative and positive when wz is positive. bd is large when |z| is 


large and becomes smaller as |x| becomes smaller. 


_ = 0 when x = 0 and changes sign from negative to positive. 


Therefore there is a minimum value (zero) when x = 0. This 
consideration of cu enables us to say that the curve falls steeply 


at first, flattens at the origin, and then rises more and more steeply. 


3. Since x4 is never negative, no part of the curve lies below the “-axis. 
When || is large and x is negative, |y| is large and y is positive, 
and when |2| is large and 2 is positive, |y| is large and y is positive. 
For any positive value of y there are two values of x equal in 
magnitude but opposite in sign; therefore the curve is symmetrical 
about the y-axis. 


The graph of y = x’. 


§7-14. The graph of the rectangular hyperbola, y = <.. 


1. When x = 0, y is undefined. The graph is discontinuous at x = 0. 


at = —S. Hence the gradient of the curve is always negative 
except when x = 0, when the derivative is undefined. Since the 
gradient is never zero, there is no stationary point. When |z is 
large, oy is small, and when |z| is small ee is large. 
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3. When 2 is negative, y is negative, and when 2 is positive, y is 
positive. The graph has two branches, one in the third quadrant, 
and one in the first quadrant. When |2| is large and ~« is. negative, 


ly| is small and y is negative. When |z| is large and x is positive, 
ly| is small and y is positive. When |x| is small and x is negative, 
ly| is large and y is negative. When |z| is small and 2 is positive, 
ly| is large and y is positive. | 


The information in 2 and 3 enables us to say that in the third 
quadrant branch as x increases, y decreases without limit; the graph is 
falling throughout, at first almost “flat” and then more and more 
steeply. In the first quadrant as x increases from zero, y decreases 
from infinitely large and tends to 0; the graph is falling throughout, at 
first very steeply and then less and less steeply becoming almost flat. 
The axes are asymptotes to the curve. 


The graph of y = = 


Note: 


(i) For any point (#1, y¥1) on one branch of the curve there is a | 
corresponding point (—2,, —y,) on the other branch. It follows that 
a line through the origin cuts the branches of the curve in two points 
which are equidistant from the origin. The graph has point symmetry 
in the origin. | 


Gii) The graph of y = _— may be obtained by changing the sign of 
every value of y in a table of values for y = = or by reflecting 


the graph y = + in either the z-axis or the y-axis. The graph 


has two branches, one in the second quadrant and the other in the 
fourth quadrant. 
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§7-15. The graphs of (i) y = \/x and (ii) y = —\/x. 
(i) y= V2. 
1. The origin is a point on the curve. 
dy =i 
2. ae Ve’ Hence 


(a) there is no value of x for which the gradient is zero; there- 
fore there is no stationary value. Further, the gradient is 
always positive, hence the curve rises continuously; 


(b) as x increases, wu decreases; therefore the slope is steepest at 
first, and the curve gradually flattens out. 


3. There are no real values of y when z is negative, so the domain 
is the set of non-negative real numbers. Since \/x is always non- 
negative, the curve lies wholly in the first quadrant. 


Y 


The graph of y = \x. 


(ii) The graph of y = —,\/% can be obtained from that of y = \/a# by 
changing the sign of every value of y; i.e., by reflecting the graph 
of y = Vz in the z-axis. 


The graph of y = —v«x. 


Note that when the graphs of y = \/# and y = —\/% are drawn 
with the same axes of reference, they form the upper and lower halves 
of the parabola y? = 2%. 
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§7-16. The graphs of y = x, y = —x and y = |x|. 


The graph of y = x. The graph of y = —x. 


The graph of y = {x|. 


In the graph of y = |z| we note that the function is continuous at 0. 
However, we have already seen (Section 4) that the function is not 


f(0 + h) — f(0) 


differentiable at 0, because lim ae 
h— 0 
Simplifying £0 +h) — 100) +h = i, and this 


equals —1 if h < 0 and 1 if h > 0. Hence the quotient does not tend 
to a limit. The point (0, 0) does not satisfy our definition of a minimum 


point. Although oad is negative, when x < 0, and ou > 0 when x > 0, 


= does not equal zero at x = 0. 


does not exist. 


, we have 


§7-17. The graphs of (i) y = sin x and (ii) y = cos x.* 
(i) y = sin &. 
1. sin x = 0 when & = “mz, where n is any integer (including zero) ; 


therefore the graph cuts the w-axis at ¥ =... — 7a, 0, a, 
2. oy — Cos # ; hence a = Q, and there are stationary values, when 
ea... oh mt Br 
— ese 9? DID oP ROS 


*Domain of the function is the set of all real numbers. 
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The changes in the sign and magnitude of cos 2 give the changes 
in the gradient; e.g.: 
Range of values 


oF Gradient 
0O<ue oa | positive, decreasing from 1 to 0. 
c<k<on negative, decreasing from 0 to —1. 
rx “xc = negative, increasing from —1 to 0. 
sa <2 < 2 positive, increasing from 0 to 1. 


The student should relate these changes to the changes in the 
slope of the curve. 


The stationary values of y are a maximum (= 1) at 


x= ete 
— ee 9° 9 eee gy 
and a minimum (= —1) atvw~—... —4.,=, é 


3. As x increases from zero (Say), y increases from 0 to 1 at “a 


decreases to —1 at =r, and then increases to 0 at 27. The values of 


y then repeat this cycle as x further increases. Hence the curve repeats 
itself at intervals of 27, and so sine is called a periodic function; the 
curve lies wholly between the lines y = 1 and y = —1. 


The graph of y = sin x. 


(ii) y = cos @: 
This graph may be obtained in a similar manner. 


1. cos x = 0 when x = oi + mr, where ” is any integer (including 


zero); therefore the graph cuts the :t-axis at 
r wT OT 7 


a SS 4h See “gr 9998 eee 
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ra = —sin x; hence su = 0 and these are stationary values when 
eS gy - —7, 0, (ae 

The changes in the sign and magnitude of —sin x give the changes 
in the gradient; e.g.: 


2. 


Range of values Gradient change 


of x 
O0Ocnc > negative, decreasing from 0 to —1. 
a <ucnr negative, increasing from—1 to 0. 

r<“r< = positive, increasing from 0 to 1. 

a <4 < 2a positive, decreasing from 1 to 0. 
The stationary values of y are a maximum (= 1) at 
, © =... —2z, 0, 27 ..., and a minimum 
(= —1) att —=...—7,7... 


3. As x increases from zero (say), y decreases from 1 to —1 at x = 7a, 
then increases to 1 at « = 27. The values of y then repeat this 
cycle as x further increases. The curve repeats itself at intervals 
of 27, and lies wholly between the lines y = 1 and y = —1. | 


The graph of y = cos x. 


The graphs of sin x and cos w have the same form. The reason 
is that cos x = sin or + 2). The graph of cos # may be obtained 


from that of sin &« by drawing a new y-axis at x = = and so ereeeone 


the new ore: 
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§7:18. Miscellaneous graphs. 
Example 9. 

Sketch the graph of y = 2 + =. 


Using the same axes and scales, sketch carefully the graphs of 
| 1 ; 
y— «andy = ra (See diagram.) 


1 
p The graph of y = ee 


| ——— pea 


xX 


et 


M 


The graph of y = x. 
Ee ES 


At convenient intervals draw ordinates (very lightly). Only one of 
these, MQP, is shown in the diagram. When «x has the value represented 
by OM, MQ is the value of the ordinate y,, say, of a point on the graph 
of y = «, and MP is the value of the ordinate y., say, of a point on 


the graph of y = =. 


If MP is produced to R, making PR = MQ (this is easily done with 
the aid of marks on a strip of paper), then MR = y,; +- y. and hence MR 


is the ordinate of the point on the graph of y = # + — when x = OM. 
A number of points on the graph may be quickly obtained in this way. 


The stationary points are obtained as usual by finding a and 


2 
equating it to zero. They can be classified readily by finding ae 
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Thus: 
1 
tie ee 
dy 1 1. #-—1 
dx~ ° 2 — 02 
renee: 22-0 where +1 
ax : 
ay _ 2 
dx? ~— 3° 
d?y . 
When « = —1, => da? is negative, .°. there is a maximum value (of —2). 
dy , sat ; : a 
When « = Il, Ga? is positive, .°. there is a minimum value (of 2). 


The turning points (—1, —2) and (1, 2) should then be plotted 
and the graph sketched in. The graph has two branches and is shown 
below without the construction lines. 


yh a 


The graph of y = xp 


As%7-w,Yy-> “;asxz—>od,y-> o. When & is negative, y is 
negative, and when 7 is positive, y is positive. The graph has two 
branches, one in the third quadrant and one in the first quadrant. In 
both quadrants as the magnitude of x increases, the magnitude of y 
approaches the magnitude of 2, and as the magnitude of x decreases 
the magnitude of y becomes infinitely large. 
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Example 10. 


Sketch the graph of y = (1 — %)?(4 — 2). 
When « = 0, y = 4; when y = 0, % = 1o0r2z = 4. 
Now y = (1 — 2)?7(4 — 2@) 
—- 4— 9% + 62? — 2x 


dy _ : 
ax =— —9 +- 12% — 34 
= —3(% — 1)(% — 83) 
- dy 0, ie., there are stationary points at (1, 0) and (8, 4). 


Since 12 — 6% is positive when x — 1, the point (1, 0) is a minimum. 
Since 12 — 6z is negative when x = 8, the point (8, 4) is a maximum. 


= d7y _ dy . 
When « = 2, i = 0 and ap is non-zero. 


.. at (2, 2) there is point of oblique inflection and for + < 2 the 
curve is concave up, while for x > 2 the curve is concave down. 


When || is large, |y| is approximately equal to |x|. .°. when |z| 
is large and x is negative, |y| is large and y is positive, and when |2| 
is large and x is positive, |y| is large and y is negative. Also y is 
positive for 7 < landl < 2 < 4, and y is negative for x > 4. 


Graph of y = (1 — x)7(4 — x). 
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Example 11.—Sketch the graph of y = a 
When = 0, y = — 1. 
| 1 
When ¢ = — zy. 
1 1 | . 

When # = 3 Yis undefined. When z > os from below, y > — ©; 
and when 2% —> + from above, y > + o. The line «+ = + is a vertical 
asymptote. | 

Since y =e it follows that y — 2 when |z| > o. The line 
y = 2 is a horizontal asymptote. | 


By the product rule of differentiation, we have 


dy 4 _ 2(4% 4+ 1) 
dx 2% —1 (24 — 1)? 
_ 4(2@ —1)- 244741)  -6 
(2% — 1)? (2% — 1)? 
Hence, because there are no real values of x for which ou == 0, there are 


no stationary points of the function. Moreover, the derivative is negative. 
for all real values of %, except x — 4 (when it is undefined), and so the 
graph is falling for all values of x except 7 = 3. 


The graph is sketched below: 


Graph of y = +1 
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Example 12. 
| ae 
Sketch the graph of y = Pot 
When «+ = 0, y = 0. 
2 
7 = Ti — aaa: (using the product rule) 
_ “FF + 2% 
— (@ + 1)?" 
a = 0, i.e., there are stationary points at (—2, —4) and (0, 0). 
Now 3 > 0 when # < —2, ana 2! < 0 when —2 < # < —1, 
and so (—2, —4) is a maximum. | | 
Again 2Y < 0 when —1 < « < 0, and utd > 0 when x > 0, and 
so (0, 0) is a minimum. 
PA 
When |z| is large, |y| is approximately equal to = =e 


.. when |z| is large and w is negative, |y| is large and y is negative, 
and when |z| is large and 2 is positive, |y| is large and y is positive. 


Now when x = —1, y is undefined. 


We investigate the values of the function near this discontinuity 
by putting —1 -+ hA for x and considering the cases 

(i) h negative and |h| tending to zero, 

(ii) h positive and |h| tending to zero. 


eed 2 
When # = —1+hy= foe and when [h! is small y 


is approximately equal to =. 


.. when h is negative and |h| > 0, |y| ~ o and y is negative, and 
when hk is positive and |h| > 0, |yj ~ o and y is positive. 


2 


x +1° 


Graph of y = 
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Exercise 33. 


. f is a function of w. The derivative of f is 3x — ‘4. For what value 


of x is f stationary? For what values of x is the graph of f falling? 
When is it rising? Has f a maximum or minimum value? Illustrate 
your answers with a sketch. | 


fis a function of x. The derivative of f is 4 — 2x and the stationary 
value of f is —2. Sketch the curve. 


y = f(x); oe = 1 — x*. (—1, 6) is a point on the graph of y. Is- 


f(0) positive or negative? What can be said about f(1)? Justify 
your answers and illustrate with a sketch. 


y = f(x) and P(0, 3) is a point on the graph of the function. 
Sketch the graph through P as 4 increases, if 


(i) oy > 0 and is constant; (ii) a < 0 and is constant. 
In each case state whether y is increasing or decreasing. 

(8, —4) is a point on the graph of y = f(#) at which a = 0. 
Sketch the curve if 


(a) ou is increasing when x < 3 and is decreasing when x > 38; 


(b) ad is decreasing when x < 38 and is decreasing when x > 3. 
In each case give a short description of the curve. 


y = f(x) and Q(2, 5) is a point on the graph of the function. 
Sketch the curve through Q as « increases, if 


(i) ae > 0 and is increasing; 
(ii) dx > 0 and is decreasing; 
(iii) ——- < 0O and is increasing; 
(iv) il < 0 and is decreasing. 


In each case state whether 
(a) the curve is concave upwards or concave downwards; 
(b) y increases or decreases. 


(—2, —5) is a point on the graph of y = f(%) at which wu == 


Sketch the curve in the neighbourhood of (—2, —5) if su 


(a) increases, | 
(b) decreases as x increases through the value —2. 


In each case state whether the curve is concave upwards or concave 


downwards. 
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Sketch the graphs of the following relations (Questions 8-29). 
. y = x — 3a for values of x such that —3 < a < 38. 
- ¥y¥= (1 — &)(2 + 2)? 


- y? = 4a, 


- y¥ = (w@ — 1)(# + 2). | 
From your graph deduce the graph of y2 = (« — 1)(x + 2). 


y = (1 — x)(1 + 322). 14. y = e — Xe? — &@. 
y = (@ — 1)?(# + 2). 15. y = 2a + a? — 2, 
y = (@ + 5)(@ + 2)(@ — 8). 
y= x* — 2x? 19. y = 8 + 2a? — gt, 
y— 12% — 23, 20. y = x8 — 3a? — 9x + 11. 
1 = 1 
Y = 3 | 23. y= % — —.. 
1 1 
eee nS 7 2 ae 
y= =e aA. y= w+ —. 
y = «3 — 6a?x for values of x such that —3a < w < 8a. 
pe ieee ae 
y = sin 2 28. y = cos >. 
y = sin 2a. 29. y = cos 22. 


Challenge questions 


Sketch the following graphs (Questions 30 to 48). 
. Y = sin & + cos x, where 0 < & S 2x. 


y = sin & — cos #, where 0 < & S 2z. 
y = “© + cos # for values of x between 0 and 4r. 
y = sin & — x for values of x such that —27 < @ < 2z. 
ee v _ _ # 3 — 4 __ 9B 
Y= Rot 39. ¥=7—T 44. y= 2 x, 
_ #¢e— 1 _«#%#—2 _ 2¢ +1 
y= 40. y = mT SS y=aaap 
25 ae _ «+1 _ «w+ 3 
ae a.y= _ 46. y¥ = — ; 
= 1 _ w+il = 16 
SM ae NE Te 42. Y = —Fa ; 41. ¥ = 335 oe" 
473 — 1 1 = x 
7 | eee 43 ee a 48. y a | 


49. 


50. 


52. 
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The furction f has a stationary value at the point (—1, 2). Given 
that f(z) = (x + p)(a? + q) where p and gq are constants, find 
the values of p and gq and find also whether the era tlonary point is 
a maximum or minimum, 


Sketch the graph of the function y — 7 + 4a’x where a is a 
positive constant. Use this graph to show that the equation 
vt + 4a®x + k = 0 has 0, 1, or 2 real roots according as k is 
greater than, equal to, or less than 3a‘. 


The derivative f’ of a function f is given by f’(%) = #2 + a — 2. 


It is known that f(—2) is negative. Show that f(x) is negative for 


all values of x less than 1. 
Sketch the graphs 


(i) y = sin x?; (ii) y = cos 2%; (iii) y = sin = 


Section 7. — Revision. 


If fisa polynomial fusction in «, what are the two requiremeys” | 


regarding the derivative Tor -tte-rettion to have 
(i) a maximum value; (ii) a minimum value? 


If the polynomial has neither a maximum nor a minimum value, 
what can be said about the derivative? 


; ‘Explain the use of the second derivative in finding the turning 


values of a function. 


Find the stationary values of the function f where 
f(x) = 2 — 842? — 12% + 2 
and use the second derivative to classify them. | 


Show that, if a ~ 0, the curve y = (ax + b)* has a stationary point. 
Classify the stationary value of y, considering the cases a < 0 and 
a> 0. Illustrate your answer with a sketch. 


A cylinder, closed at both ends, has a volume of 2000 cubic cm. If its 
radius is x, express S—-the area of sheet metal used—as a 
function of x. Hence find the dimensions of the cylinder for which 
S would be least. 


Find the greatest and least values of the function f where 
f(z) = x? — 3x2 — 45a” + 40 in the interval —6 < 2 < 6. 


If F@) = 24% — x“? — 4% + 7, draw the graphs of y f(x), 

f(x) and y = f”(x) in the same diagram. Find ‘the points 
where f(*) is stationary. Find also the point where f(*%) is a 
maximum or minimum. 
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8. 


10. 


BROOKS'’S AUSTRALIAN SCHOOL SERIES 


y is a function of x and P(5, 3) is a point on the graph of the 


function. Sketch the curve through P as 2 increases, if 
(i) etd > 0 and is increasing; (iii) dy > 0 and is decreasing; 


dx 
.-, ay : : _. ay , : 
(ii) Ae < 0 and is decreasing; (iv) ae < 0 and increasing. 
In each case state whether 7 
(a) the curve is concave upwards or concave downwards; 


(b) y increases or decreases. 


Sketch the graphs of the following functions of x. For each graph 


using the same axes, sketch — 
(i) y= 2; (iv) y = —x?; (vii) y — 2; 
(ii) y = ([2/; (Vv) y= #8; (viii) y = (% 4+ 2)%. 
(iii) y = «x?; (vi) y = —2?3; 


Sketch the graphs of the following: 
(ij) y = (@ — 1)?(2% — 5); 


i 1 
Gi) y = 2° + Fe; 
x — 1 
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SECTION 8. 


ANTI - DERIVATIVE 


§8-1. The opposite of differentiation. 


In previous sections we have shown how to find the derivative of a 
given function. For example, for the function f where f(z) = x we 
have found that the derived function f’ is given by f’(x) = 3x2. We now 
discuss the problem of finding a function / when given its derivative Ff”. 
For example, if f’(%) = 2x, what is fF? One solution is suggested by 
the fact that if F,(v%) = %?, then F,’(”) = 2x, but we also know that if 
Fo(”#) = a? + 5, then F,’(%) = 2x, and if F3(%) = aw — 10, then 


F;/(x) = 2x. It should be clear that an infinite number of solutions is 
possible; all functions of the type f(x) = x? + C, where C is some real 
number, have derivatives f’(x) = 22. ‘ 


In problems of this kind, we often have some other information 
which allows us to determine the particular value of C to be used. If 
we lack this other information, any numerical value of C will do, hence 
C is called an arbitrary constant. | 


A function from which a given derived function is obtained is 
called a primitive or a primitive function of that derived function. Hence 
in the above examples, F,, Fo, and F'3 are all primitives of F’. Notice 
that such a function is a primitive function, not the primitive function. 
Any of the functions F,, Fs, or F3, is a primitive because fF” is the 
derived function of each of them. It is important to notice that a 
primitive as be checked by differentiation; if F is a primitive of f 
then fF’ = f. 


A primitive is also called an anti-derivative and because the process 
of finding a primitive is the opposite of differentiation, it can be called 
anti-differentiation. Later, you will also refer to it as integration. | 


The alternative notation, which we have attributed to Leibniz, may 
also be used to express a primitive. We have seen that if F and f 
are functions of x such that F’(%) = f(x) for all values of x under 
consideration, then F is a primitive of f. If we denote F(x) by y then 


F’'(“#) = se, and so f(z) = cu - So we can think of the problem of 

finding a primitive, as the problem of finding an equation connecting y 
Sc : 7 : dy ., ay 

and an expression in %, given an expression for ane Thus if ic = 20, 

then y = x? + C. ; | 


An equation such as oy = 2x is called a differential equation. 
There are various kinds of differential equations, but we are concerned 
here only with those of the type given above, i.e., those whose solution 
consists in expressing y as equal to the value of some function whose 


variable is 2, when the value of u is given. The general solution of the 
differential equation dy = 2~isy= 2-4 C, 


dx 
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§8-2. Primitives of the same function. 


We have seen that any function f has many distinct primitives. 
These are simply related as the following investigation shows. 
Suppose F(#) and G(x) are any two primitives of f(%). 
Then ae F(«2) = f(«) and ae — =f (2): 


; d a 
By subtraction we have or F(“z) — aa G(x) = 0, 


d 
or aah (*) — G(x)} = 0. 


Now the derivative of a constant is zero, and conversely any function 
whose derivative is zero is a constant. Hence F'(x7) — G(#) = C where 
C is a real number. 


This result may, therefore, be written: if /F and G are primitives 
of a function f, then for all values of 7, F(x) = G(x) + C, where C 
is an arbitrary constant. 


§8-3. Geometrical Explanation of the Arbitrary Constant. 


7 


Fig. 1. 


Figure 1 is the graph of y = «*; Ow is the axis of x; P is any point 
on the curve, NP is the ordinate of P, and the tangent to the curve at P 
meets Ox at T. The gradient of the curve at P is measured by tan NTP. 
Let O’ be a point on the y-axis (below O), such that OO’ = 2 (say); 
draw O’v’ parallel to Ox and let PT, PN cut O’”’ at T’, N’ respectively. 
Then NN’ = 2; and if we now take O’2’ as a new axis of x, N’P becomes 
the new ordinate of the point P and its value is 2 more than the old 
value, NP; but the value of x has not changed, since O’N’ = ON. This 
is true for all points on the curve, so that when we take O’#’ as the x-axis, 
the graph is that of y = x? + 2 (since every ordinate is increased by 2). 
The gradient of this curve at P is measured by tan N’T’P’; but angle 
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N’T’P = angle NTP (corresponding angles), therefore the gradients of 
the curves y = 27 andy = x” -++ 2 are the same for any given value 
of x. In general, if OO’ —.C, where C has any value, the gradients of 
the curves y = “7 and y = x? + C are the same for any given value of &. 


7 


NS 


The above discussion shows that it is possible to draw a family of 
curves all of which have the same gradient for any given value of 2. 


When oe = 2x, this family of curves is represented by the state- 
ment y = #2 + C, where C is an arbitrary constant (Figure 2). 


§8-4. The process of finding primitives. 


We have already proved some rules for the differentiation of a 
function, and from these we can deduce rules for finding a primitive 
of a given function. Then, using the result that primitives of a function 
differ by a constant, we can write down an expression for the general 
primitive or the family of primitives. 


n+1 
Consider the function fF, defined by F,(”%) = ae (n = —1). 


(mn + 1)x" 
, <= ——_—_ n 
Then Fy'(%) = | = we 

Hence, from the definition of a primitive, if the function f is defined 
by f(#) = x, (n ~ —1), we deduce that since Fy’(x%) = f(x), then Fy 
is a primitive of f. It follows that the set of functions IF, defined by 


n-+1 
F(«#) = ara +. C, is the general primitive of the function f, defined 


by f(x) = x", provided that x + —1. 


This result gives us a rule by which we may find a primitive or the 
general primitive of functions which are members of this set of functions. 
We can extend this set of functions further by considering the derivative 
of the function F, defined by F(x) = kF,(%), where k is any real 
constant and fF, is also a function of x. If the function f is defined by 
f(x) = kf,(x) where f, is also a function of x, and if F, is a primitive 
of f,, then F is a primitive of f. 
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Since F, is a primitive of f, it follows that Bo) = f,(%). 
Now F’(x) = kF,/(*%), and so by substitution f’(%) ef, (@). But 
f(«) = icf (2) and so f(x) = F’(%#). From the definition of a primitive 
it follows that Ff is a primitive of f. 


We can, therefore, extend our former result by stating that if fis a 

function defined by f(x) = kx", where k is a constant and n i —l, 
+1 

then the general primitive F of f is given by F(x) = oe Ti + C, 


where C is an arbitrary constant. 


Alternatively, if a — kx" where k is a constant and n ~ —1, 
kar +1 
then y = noe + C, 


In order to find a primitive of a polynomial function one more rule 
is required, namely that if F, is a primitive of f,;, and F.2 is a primitive 
of f2, and if F and f are functions such that F(x%) = F,(#%) + Fe(x) 
and f(x) = fi(v) + f.(%), then F is a primitive of f. 


Example 1. 


Find the general primitive of f where f(z) = vV/%. 


We use the first rule, for we can write f(x) = «’/:. 
Hence if fF, is a primitive of f, we have 
gi/s + 
Fy(¢#) = 7] 
QS 
2 
74/2 
= 30". 


Therefore, if / is the general primitive of f, 


F(#) = <a + O= — fs. 


Example 2. 


If ou = 4x* — 3% + 2, express y in terms of &. 


The first term of the right-hand expression is the derivative of a 
3 
function involving = . We, therefore, write = for our first term. 


2 
Similarly we write — a for our second term. The third term is the 


derivative of 2% and so we write 2x” for our third term. Finally for the 
general primitive we add a meas ae and so 
3 
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Example 3. 
Find general primitives 7 the functions f:, fo, fs where 
fi(@) = 2, faa) = , fale) = 2 + | 
. 4 
The general primitive of f, is Ff, where F,(%) = - + C,. 


We can write 4 as 4%-2 and so the general primitive of fs is Fe 


4% — 
Spr tas gtG 
Since f3(%) = fi(%) + fe(x) we could write a primitive 
Fy of fs by F(a) = Fue) + Fam) = ++-S4+ 


However, only one arbitrary constant need be written, so writing 
C for C; + Ce. we have F is a pumas of fs such that 
4 
F(z) =~ —-—+4+C. 
In each of these examples the result should be checked by 
differentiation. 


where F',(%) = 


Exercise 34. 


Write down the general solution of the following differential 
equations (1-18): 


1.2% — ger, 7, — a, 13. 4 ant 

a a oe a ee 

3. oy = Bat, 9. yd — x4, 15. oe — 10 —t. 

a m1. 10. % — 52%, 16.5% = 1 + 3¢. 

5. ou = 0, 11. od = 382%, 17. i = 8t — #. 

6. ou = 32; 12. ou = a. 18. x = a, where a is constant. 
dy 


19. (a) The gradient of y = f(x) is given by ic > = 44 for all values 


of x. Sketch some of the graphs of y = f(z). 


(b) Sketch some of the graphs of those functions of x whose 
gradients are equal to —3 for all values of 2. 


20. Find a primitive F of each of the functions defined below: 


@) f@) =a 5 - (vi) g(a) = 2; 
(ii) f#(%) = 40°; (vii) f(t) = Ze; 
(iii) f(%) = 324; (viii) f(t) = 37; 
(iv) f(%) = 72°; (ix) f(y) = y¥%; 


(v) ¢(%) = 628; (x) f(v7) = 2, 


164 


21. 
22. 


23. 
27. 
28. 


29. 

30. 
31. 
32. 


33. 
34. 


35. 
36. 


37. 
38. 


39. 


40. 
41. 


55. 


56. 
5/7. 


58. 
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Find the general primitive F of the following functions (21-54): 


f(x) = 3a? — 5e + 7. 244. f(x) = A —x*1+ 2%). 
3 
f(x) = 40? 4+ 2. 25. f(x) = ote 
25 — x 
f (%) — 10 — 384% — 42%. 26. f(%) — 5 4 2 
f(z) = av? + be + c, where a, b, and ¢ are constants. 
f(%) = (2%3)4, 42. f(x) = x", 
f(x) = (207)5, 43. f(*) = aw + = 
f(v¥) = 32°. 44. f(x) = (% — 1) (8% + 2). 
Bee 
f(x) = «8 — a7 + 10. 46. f(x) = 3w«’?. 
f(z) = 1. 47. f(*) = ve 
1 
f(*) = ae 48. f(t) = t(t — 1) 
4 
f(a) = =. 49. f(t) = “FZ 
f(x) = 33%°/: 50. f(x) = rV/u. 
1 4 — 2¢ 
f(*) = = 52. f(t) = 22 + 3t — 7. 
3 8 — 1 
f(x) = BW. 54. f(x) = (* — 1)8 
If oe — 16, find v in terms of ¢ given that v = 5 when t= 0. 
Find f if f’(t) = 5 + 3¢ and f(0) = 0. 
Find s in terms of ¢ if ol =—- u + at, given that wu and @ are 
constants and s = 0 when t = 0. 
Draw a sketch of the curve y = f (x), passing through the origin, 
given that dy — —2, 0, 1 when + = —8, 1, 4. 


dx 
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59. Determine the primitive F of each of the functions f defined below, 
using the additional information given in each case: 


(i) f(z) = 2 — 2” and F(0) = 3. 

(ii) f(z) = (w@ — 3) (a2 + 2) and F(2) = —3. 

(iii) f(v@) = 38axv2 + 2bx, where a and b are constants, and 
Fil) =a — Bb. 


60. The gradient of a graph is given by oy = 3a? +. 5; if the graph 


makes an intercept of 4 on the y-axis, express y in terms of 2 and 
find the ordinate at x = 1 


61. Find the function f such that: 
@ @) =*+ 37H) =2 fh) = 8. 
(i) P(e) = 4 1,70) = -1, f(-2) = =. 


62. Find the equation of the curve whose gradient at any point (2, y) 
is given by 273 — x, and which passes through the point (1, 1). 
63. Find the equation of the curve whose gradient at any point (2%, y) 


is given by \/a# -+ Fe and which passes through the point (1, —1). 


64. Find the equation of the curve of a function f given that 
f’(%) = 38x% — 1 and that the curve has a stationary point at 
(—2, 2). | 


§8-5. Primitives of sin x and cos x. 


Since < Sin ¥ = cos & it follows that if the function f is defined 


by f(%) = cos 2, and the function F is defined by F(x) = sin x, then 
F is a primitive of f. 


a) oe : a coe Ha | 
Again dig C8 * = —sin & and so da (08 x) = sin 2. 


Therefore if the function f is defined by f(x) = sin 2, and the 
function F is defined by F(x) = —cos 4, then F is a primitive of f, 


These results may also be stated: 


the general solution of the equation ou = cos tis y = sin & + C; 
and the general solution of the equation = = sin xis y = —cos “2+ C. 


The following examples show that these results can be used in 
combination with the previous rules. 
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Example 4. 
Find the general solution of the equations 


. ay ; er) er 

(i) 7 2 sin &, (ji) a sin 2 cos 2%. 

(i) We use the rules 
(a) if F, is a primitive of f,; and f(v) = kf,(%), then fF is a 

primitive of f where F(x) = kF,(%); and 
(b) if f(x) = sin 2, then F is a primitive of f where (x) = —cos 4. 

“=~ == 2 sin #, we have y = —2 cos 2 + ©. 

(ii) We use the rule that if F, is a primitive of f,, and F.2 a primitive 
of fo, and if F(x) = F,(v%) + F(x”) and f(%) = f,("%) + fe(x), 
then /’ is a primitive of f, and the rules for primitives of 
trigonometric functions. 

dy 
ax 


Hence if 


—= sin % — cos % 

sin % + (—cOos 2) 

y = —cos % + (—sin 7) + C 
== —(cos % fe sin «) + C. 


§8-6. The chain rule. 


All the rules for finding primitives are based on differentiation, 
and so results of differentiation by the chain rule enable us to write 
down primitives as the following example shows. 


Example 5. 


If ou = (38% + 2)4, find y in terms of @. 


Suppose y = (3% + 2)5, | 
Then we should have, using the chain rule, 


oY _ 5(8n + 2)* x 3 
= 15(8% + 2)4. 
. _ (8e + 2)° dy _ 4 
Hence if y = 15 ro (3% + 2)4. 
y= ey is a solution of the differentiation equation, 
(3x a 2)5 


and y = + C is the general solution. 


The result a above may be generalised as follows: 
Since 7 * (ae + b)7+? = a(n + 1)(av + b)", (chain rule) 


(oe OTT) = (an + by 


aee ace n+1 
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1 (aw + br +? 
a nm-+i 


“wy = (ax + b)", where n ~ —1. 
This result may also be stated: 
If F is the general primitive of f where f(x) = (ax + b)*, then 
_ 1 (ax + b+? 
Caer amar ae CS 


In any particular case the student is advised not to quote this 
result, but to work from first principles. 


It follows that y = is a solution of the equation 


Example 6. 
dy | : 
If da = cos. 2x”, find y in terms of 2%. 
Since £ sin 2% = 2 cos 2%, = (chain rule) 
d/fl1. — 1 
then ar sin 20 ) => xX 2 cos 2x 
= COs 2x. 
y= = sin 2% is a solution of the differential equation and 
y= DE sin 2% ++ C is the general solution. 


In general, since o sin (az + b) = acos (ax + b), (chain rule) 


then of sin (ax + b) = cos (av + dD). 


It follows that y = = sin (ax + b) + C is the general solution 


of the equation su = cos (ax + bD). 


This result may also be stated: 
If F is the general primitive of f where f(x) = cos (ax + 6b) then 


F(z) = a sin (aw + 6) + C. 
Similarly y = — — cos (az + 6) + C is the general solution of 


the equation =i = sin (av + 6b), orif F is the general primitive of f 
where f(x) = sin (ax -- b), then F(%) = — = cos (ax + 6) + C. 


Once again, the student is advised not to quote these results in 
particular cases, but to work from first principles. 
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Although the set of functions, for which primitives can be found, 
has been extended in this way, there are functions for which no 
primitive may be found by rule. This applies particularly to functions f 
where f is defined in terms of an expression which is a product, or in 
terms of powers of expressions in x. Still, it is possible to find primitives 
of some such functions, by considering derivatives of functions which may 
be primitives. 


Example 7. 


Find a primitive F of a function f where f(x) = 10x (322 + 1). 
Let Fy(%) = (80”? + 1)5, 
Then F,’/(%) = 5(3x”? + 1)4(62) (chain rule) 
= 30%(3au? + 1)4. 


Hence if F(2) = Geri F’(x) = 10”(3a2 + 1)¢. 


F is a primitive of f if f(x) = 10”(3a? + 1)4 
2 5 
and F(a”) = ae. 


Example 8. 


Ify = a7 find oe Use the result to find Ff the general 
acai 1 
primitive of f where f(%) == (@ — 1)?’ 
Since y = —~— i.e ee 0 1)++ 
y= ¢ — i leg €, Y = ae ae ) 
dy 
then Zz %.—1(* — 1)% + 1.(% — 1)71 (product rule) 
x 1 
——“@—D? *e—1 
2h os 
—~ (@ = 1)?" 
—2 1 
Hence dxx — 1 — (a — 1)2' 
the primitive F of the function f where f(x) = Goa is 


given by F(x) = aT + C. 
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‘Exercise 35. 


1. Show that y = 2002 + « — 5 is’ a solution of the equation 
oy = 4% + 1. What is the general solution? 
2. Show that y = « + V« is a solution of the equation 
dy 1 | 
— == . 9 
ie = 1 + Je” What is the general solution? 
3. Show that y = 2 + sin x is a solution of the equation 
eid = 2% + cos x. What is the general solution? | 
In questions 4-9, find y in terms of «, given that: 
dy _ dy ae | dy _ 
4. ic = 42. 6. 7 3x2 — 2H. 8. dz = ©°8 *. 
dy _ dy _ 1 . dy =o. 
5S. ae = 8. 7. ie ee es cag ee Pees 


Determine the general primitive F of each function f defined 
in questions 10-20. 


10. f(x) = 4 cos &. 16. f(6) = cos 6 — sin 6. 


11. f(x) = 2 sin &. 17. f(@) = 6+ 2 sin 0. 
12. f(z) = sin x ++ cos @. 18. f(t) = cos t — 2 sin t. 
13. f(xv) = 4sin*% —3cosx% 19. f(0) = 7=. | 

14. f(z) = 2 + sin 2. 20. f(x) — 4 sin 2. 


15. f(#%) = x? + cos &. 


Find y in terms of 7, given that su is equal to the expression 


in x given in questions 21-25. 


dy _ dy _ dy __ 
21.7. = (4% — 7)*° 22. ia (5% +- 3)8 23. 7 (1 — 32)4. 
24. od = (av + 6)* where a and Db are constants. 

dy __—sé«i«ayg, 
25. dz — Sin 2%. 


Determine the general primitive F of each function f defined 
in questions 26-35. 


26. f(x) = cos 32. 
27. f(x) = sin (2 + =). 
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28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 


36. 
37. 


38. 


39. 


40. 
41. 


42. 


43. 


45. 


46. 
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f(@) = sin 48. 

f(@) = cos (6 — a) where a is a constant. 
f(%) = cos ($x). 

f(x) = sin (—2). 

f(t) = a sin nt where a and 7 are constants. 


f(*%) = sin 4(7 + 2). 
f(*) = sin 2% + cos 4z. 
f(*) = 2% — sin 2z. 


Find y in terms of « if “ — (24 + 1)? and y = 1 when x = 0. 


If t= 6 cos 3¢t, find w in terms of ¢t, given that + = 0 when ¢t = 0. 


If a> a sin rt, find s in terms of t, given that s = 0 when ft = 0 


and a is a constant. 
The gradient at any point (v, y) on a curve is given by 
oy —= 3x? +. 8% — 3. Find the equation of the curve, given that the 


curve passes through the point (0, —18). 


Challenge questions 


Find an expression for /'(#) where F is the general primitive of f, 
given that f(x) = (6x”? — 1)(2%3 — «)3, 


Determine the general primitive of the function f, given . that 


f(x) = (2% + 1) sin (a + @). 


Determine f’(%) where f(%) = «x sin « + cos x. Hence find an 
expression for /’(x) where Ff is the general primitive of f1, given 
that f,(7) = &% cos &. 


Determine f’(x) where f(x) = x cos x. Use this result to find an 
expression for Ff (#%) where F is the general primitive of f, given 
that f:(%) = «& sin «. 


Determine f’(x) where f(x) = x? sin x. Use this result and question 
43 to find an expression for /'(x) where F is the general primitive 
of f,; given that f,(%) = 2%? cos @&. 


. dy 202 +. a? cee, 
Determine the general primitive / of each function f defined as 
follows: | 
(i) f(x) = sin* x cos 4; (ii) f(%) = cos® & sin @&. 
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§8-7. Area under a curve. 


To measure the area of a plane figure, a unit of area is first chosen. 
This is usually a square whose sides are of unit length. With this unit 
of area, the area of a rectangle can be calculated and the formula 
A = lb obtained. It follows that the area of a triangle is given by the 
formula A = 4bh. Since any polygon can be divided up into triangles, 
this result leads to a method of determining the area of a polygon. 


This method cannot be applied to the problem of finding the area 
of a region bounded by a curve. The problem of finding the area of a 
region bounded by two ordinates, the w-axis, and the curve of f, a 
positive continuous function, between the end-points of these ordinates, 
can be solved by finding a primitive of f. 


The figure below is the graph of y = 


8 
i Dt el GO Gl 
ER REARS eRe RES 
BRREY VOR eee Re 
| SRR REE Ae 

BERR RReeY See 


ice PTT eet a 07 a 
BREE BR eee 4 eee 
tip SS EEE coe aft ptt 
EERaS oo eB sae ete al 
BREE Ree AEH Ht 


fl eles et aE E 
ith eee ee hee eee 
SRRRE SRE EMP cee CERES BARE 
Laas eae. aes eee eas eee 

ee ee See eRe Pea 
BRR .\ eee eee Le ae 
See ASR aR RRR eee 
GRRE RRR 


If HL, KM are two ordinates drawn at points H and K on the curve, 
then the area HLMK is defined as the area under the curve HK, i.e., the 
area under a portion of a curve is the area bounded by the curve, the 
two ordinates at its extremities, and the z-axis. 


If the coordinates of H are (5, 25) and those of K (10, 100), then we 
make an estimate of the area by counting the small squares in HLMK. 
Since the scales used are 25mm = 5 units along the «z-axis and 
25mm = 50 along the y-axis, 625 square mm = 250 square units. 


Hence each small square represents 2-5 square units. 


| If we count parts of small squares as whole squares, then the number 
of squares is 125; ie, HLMK = 125. 2:5 = 312-5 square units. 


This value is clearly too great —it is an upper limit. If we neglect 
all fractions of small squares, then the number of squares is 108. i.e., 
HLMK = 108 * 24 = 270 square units. This value is clearly too low — 
it is a lower limit. The true area lies between these two approximate 
values. 
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We may obtain a better approximation by reckoning fractions of a 
square, a half or greater, as one square, but disregarding fractions of a 
square less than half a square. The answer obtained by this means is 
117 squares, i.e., area — 2924 square units, 

This value is a better approximation than the previous, but is unlikely 
to give the exact area. To find the exact area we proceed as follows: 

The area HLMK may be thought of as being traced out by an 
ordinate NP which starts from the position LH and moves to the right 
until it takes the position MK, P moving along the arc HK. 


0 L N S$ M ££ 


At any position of P (%, y) between H and K, NFP will have traced 
out the shaded area HLNP. When x = 5, the area HLNP = 0, for P is 
at H and NP coincides with LH; and when x = 10, the area HLNP is the 
same as the required area HLMK, for P is then at K. The area HLNP 
which has been traced out for any position of P on the curve depends on 
the position P has reached, and this depends on the value of x; therefore 
the area HLNP depends* on x. Hence, if we denote the area HLNP by 
A, A is a function of x A change in the value of x will produce a change 
in y and a change in A. For an increase Az in 2, let Ay be the corres- 
ponding change in y (NP) and let AA be the corresponding change in 
A. If SQ is the new position of NP, NS = Aw, SQ = y + Ay, and 
PNSQ = AA. Draw PR and QT parallel to the v-axis, as shown. Then, 
by inspection, the area PNSQ, i.e., AA, is intermediate in value to the 
areas of the rectangles PNSR and TNSQ. | 


The area of the rectangle PNSR = Az.y; 
the area of the rectangle TNSQ = Ax(y + Ay). 
*, AA lies between Av.y and Ax(y + Ay); 


“s lies between y and y + Ay. (Aw = QO). 


Now, let Ax — 0; so that Ay > 0 and y + Ay-> ¥y; 
the limiting value of at as Aw => 0 is ¥; 
: AA _ dz dA ae 
Since lim Ae a we have 7. =. Sr 
Ax —> 0 


*To each value of x there corresponds exactly one value of the area. 


ALGEBRA AND CALCULUS I 173 


To express A as a function of x, we find the general primitive; 
this gives 
3 
A= = -+- C, where C is some constant. 
To find the value of C for this particular question, we recall that 
when NP coincides with LH, i.e., when « = 5, the area A = HLNP = 0; 


58 : 
0=>4+6; 
125 
Sea 
23 125 
ies gn. a 


This formula gives us in terms of x the area traced out by any 
ordinate NP, starting from the position LH. To obtain the required area 
HLMK, we must give x the value 10 (for then NP will coincide with MK). 


when x = 10, we have 
103 125 


Thus the required area is 2912 square units. 


It will be noticed that this value lies between the limits 270 and 312-5 
obtained by counting squares; and that the final approximation of 2924 
square units differs from the true area by very little. 


§8-8. The property, “ = ¥: 


The figure is the graph of y = f(%), where f is continuous. 


Let LH be a fixed ordinate. Let P(x, y) be any point on the curve, - 
so that ON = 7, NP = y. Let A denote the area HLNP under the curve; 
then A is a function of x. 


With the usual notation, if Q is the point (xz se Av, y + Ay), the 
area HQML is A -+ AA, so that the area PQMN is AA. 


By inspection, the area PQMN, i.e., AA, is intermediate in value to 
the areas of the rectangles PRMN and TQMN. 3 
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The area of the rectangle PRMN = Az.y. 
The area of the rectangle TQMN = Ax(y + Ay). 
AA lies between Ax.y and Axv(y + AY);...... (a) 


a lies between Y (whieh does not change during this 


discussion) and y -+ Ay. 


Now let Av — 0: so that Ay > 0 andy + Ay => y, since f is 
continuous. 


lm —--/Yy, 
Ax —> 0 


Le., ae = y= fe). 


Note that the graph of y = f(x) used in the above discussion is an increasing function for the 


values considered. The student should draw a graph of a decreasing function and verify that eu 


still tends to the same limit, namely y. 


Since - = f(x), the value of A is equal to the value of a primitive 
of f. Let F be a primitive of f. 


Then A(x) = F(v%) + C where A(x) is the measure of the area 
under the curve y = f(x) from the fixed ordinate LH to the ordinate 
of any point P(x, f(x)). In this equation C is an arbitrary constant 
and its value depends on the position of the ordinate NP.-* %... 


The area under a curve is measured between two ordinates. The 
left-hand ordinate is always taken as the initial ordinate, hence in this 
section NP must be regarded as lying to the right of LH. 


We have assumed that f(x) (ie., y) is positive and does not become 
infinite for the range of values of x considered. Note that if f(x) is 
negative for the range of values of 2, in the step (a) of the above 
discussion Av.y and Axv(y + Ay) are both negative and so AA is 
negative. We could say that “algebraic area” is negative if the curve 
lies below the #-axis. Even though the curve is below the w-axis, we 
shall continue to use the phrase “area under the curve” for an area 
bounded by the curve, two ordinates at its extremities, and the 2-axis. 


Accordingly, if by using this method of calculation we find the 
measure of an area to be negative, we take the absolute value to 
determine the actual or physical area. 


*To each value of x there corresponds one and only one value of A. 
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Example 9. 


Find the area under the curve y = (% + 2)(% — 1) between the 
ordinates at 7 = 2 and « = 4, 


The diagram shows the graph of y = (# + 2)(% — 1). HLUMK is 
the required area; NP is the ordinate of any point P(%, y) on the curve 
from H to the right. Denote by A the area HLNP. 


Then — y= (% + 2)(4% — 1) 
v 
— “7 + 2 — 2. | 
Let F be a primitive of f, where f(z) = a? + x — 2. 
Now A(z) = F(x) + C, so A = ar -|- +m — 2% + C, where 


C is a constant .... (i) 
When « = 2, NP coincides with LH and area A(2) = 


O=SXB+ SX BM 2xX24+6, 


whence C = — 
eee ; 1 1 | 2 : 
SUpeeUne in (i), A(v) = 3 t + “5 — 2% — Bosses (ii) 


When x = 4, NP coincides with MK and the area A(4) = the 

area HLMK; | | 

Substituting in (ii), : 
1 af 2 2 

area HLMK = —- X #44 —- X 4—-2X4— =~ = 20>. 
3 2 3 3 

Exercise 36. 


Find the areas bounded by the x-axis, the curve, and the given 
ordinates. (Questions 1-8): 


41. y = 32? from 7 = 1 to & = 8. 


“2 y = 42 + 3 from # = 2 tox = 5. 
Verify your result by using the formula for finding the area 
of a trapezium. 


3. y = 6 — 2% from « = 0 to # = 2. 
Verify your result as in question 2. 


4. y = 3x? + 6% — 1 from *« = 1to#w = 4. 
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y— 4+ 1 from 7 = 0 to = 2. 
y=2+ 2 — x from « = —1 tox = 0. 
y = 40 — 28 from « = 0 tox = 2. 
y — (2% + 1)? from «+ = —4 to & = —2. 


Show that the curve y = (x — 1)(% — 2)(a% + 2) cuts the z-axis 
at the points (—2, 0), (1, 0), (2, 0). Find the areas of the two 
segments of the curve cut off by the %-axis. 


Explain the different signs of your answers. 


po ONam 


§8-9. Area under y = f(x) from « = ato x = 0. 


xO 
Let P(z, y) be any point on the curve y = f(x) in the interval 
from * = ato x = Bb and let NP be its ordinate. 


Suppose P moves along the curve from H to K. As it does so, its 
ordinate NP traces out the area (A) under the curve, measured from the 
ordinate HL where x = a. 


Now - = y = f(*#); 
hence A is measured by the value of a primitive of f.. 
Let F be a primitive of f. 
Then A = F(x) + C, where C is a constant ............ Lean (1) 


When x = a, A = 0 (for PN coincides with HL); substituting these 
values in (1). 


a TC Ele Ora, eases cect gs este coed os Dalen (2) 
We find the area HLSK by substituting « = 6b in F(x) + C. . 
Area HLSK == FD) Go civccccmssesccssssssssnsntssssstsnnntsstssnessesee (3) 
By subtracting (2) from (3), 
Area HLSK = [F(b) + C] — [F(a) + C] wo. (4) 
= F(b) — F(a), where F is a primitive of f. 
The results, = = f(x) and area from x = ato x = Db under the 


curve y = f(x) is measured by F(b) — F(a) where F is a primitive 
of f, can also be proved, using the result that for a continuous function 
f, lim f(%) = f(a). 


x > O 
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We have seen that area under a curve is a function of x and so 
we can denote by A(x) the measure of the area under a curve y = f(2) 
from the ordinate at x = a to the ordinate at the point (7, f(x)). Note 
that when x = a, A(x) = 0, ie, A(a) = 0. | 


Let f be continuous and let f(v) be non-negative for all values of 
x in the range a < @ < BD. 


The area under the curve from the ordinate at xz to the ordinate 
at x + Ax (PNMQ, shaded in the figure) = A(* + Ax) — A(*#). 


Now there is a rectangle, bounded by the 2#-axis and these same 
two ordinates, equal in area to PNMQ. 


Let the lengths of the sides of this rectangle be Aw and f (2). 
The figure indicates that x < x < @ + Az. 
| . A(w@ + Ax) — A(x) = f(x). Az. 
By division, as Av = 0, | 
7 A(z + Aw) — A(2) 


As At > 0, © > 2&. 
lim A(% + Av) — A(®) = lim f(z), 
Ax —> 0 AX X—> x 
1632 AC) sas ete ies: GL) 
Nore: In step (1) A’(x) = lim A(x + Ax) — A(x) by the definition of a derivative, and 
aes Ax—> 0 Ax 
lim f(x) = f(x) because / is continuous. = 


ile Since A’(x) = f(x), A is a primitive of f. | 
If F is any primitive of f, then A(x) = F(z) + C. 
But A(a) = 0, and so C = —A(@). 
A(z) = F(x) — F(a). 
Hence A(b) = F(b) — F(a). 
A(b) is the measure under the curve from « = ato x = b and 


eae denote. this by ,A, = F(b) — F(a) where F is a primitive 
of J. : | 
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Example 10. 


Find the area under the curve y =— «2? — 54 + 4 from x = —1 to 
x = 1 (see figure for example 12). 


If _,A,; denotes the required area, we have —,A,; = F(1) — F(—1) 


where F is any primitive of f and f(%) = 2? — 5a + 4. 
br 5a : setts 
F(x) = Sp ape + 4x defines a primitive of f. 


Hence —,A; = F(1) — F(—1) 


ie., required area = 8— 


Example 11. 


Find the area under the curve y = 7% — a — 6 cut off by the 
v-axis. 


When y = 0, x? — 7# + 6 = 0; 
ie., (« — 1)(@ — 6) = 0; 
le., 2% = 1 oor & = 6. 
the curve cuts the v-axis at 7 = 1 and &% = 6. 
iAg = F(6) — F(1) where F is any primitive of f and 


required area = 
7X 6 6F TX 1 ae 
( D —~F—6x6) —( D —~ 3-6x1) 


5 
== 20. 
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§8-10. Algebraic Area. 


In the preceding proofs we have assumed that the graph of y = f(x) 
is a continuous curve for the interval a < x < b. It f is not continuous 
for this interval, the area under the curve is not defined. 


Also we have assumed that in the interval a < « < b, 
(i) f is an increasing function, ie., the curve is rising; 
(ii) f(x) is positive, ic., the curve lies above the Z-axis. 


Using a similar argument to those given in §7-9 we can show that 
F(b) — F(a) measures the area under the curve when f is a decreasing 
function. — 


If f(x) is negative in the interval, i.e., the curve lies below the 
x-axis, f(b) — F(a) is negative. This gives the measure of the algebraic 
area. If we are measuring the physical or actual area, we regard 
it as being essentially positive, so the area is |F(b) — F(a)|, ie, 
—(F(b) — F(a)), in this case. 


If f(x) changes sign when x = ¢, i.e., f(c) = 0, where a < ¢ < b, 
then F'(b) — F(a) is the sum of the algebraic areas of the regions 
bounded by the curve, the x-axis, and the lines © = a and « = BD. 
To find the sum of the physical areas we have to find the value of 
IF(c) — F(a)| + |F(b) — F(c)|. 


The diagram shows f(x) changing sign from positive to negative 
at x — c. A, is the measure of the physical area above the %-axis, Ag 
the measure of the physical area under the x-axis. So A; = F(c) — F(a) 
and A, = —(F(b) — F(c)) = F(c) — F(b). Subtracting we have 
A, — Ag = F(b) — F(a), or in words F(b) — F(a), the change in 
value of the primitive, equals the difference of the physical areas. 


It follows that when the sum of the physical areas is required it is — 
necessary to determine first, (¢, 0), the coordinates of the point at 
which the curve cuts the Z-axis, 
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Example 12. 


The area bounded by the curve ies vw? — 5a + 4 and the «#-axis 
from x = —1 to x = 4 is shaded in. How many units of area is this? 


The graph of y = x’ — 5x + 4. 


Since y = (% — 1)(% — 4), y = O when @ = 1, 4. 
When * < 1,¥Y > 0 and whenl<2%< 4,y < 0. 
Hence —,A, is positive and ,A, is negative. 
required area = (F(1) — F(—1)) + —(f/(4) — F(1)), 
0 


5x? 
where F(x”) = a a + 42, 


F being a primitive of f where f(%) — #2 — 54+ 4 
(see Example 10). 


F(1) — F(—1) = gen (from Example 10). 


3 
43 2 
ra) — FQ) = (F- 7S +4 x 4)- 
wv 5x1 
(= - Qo eS 
1 
= —45. 


required area = g= -|- 4= 


Exercise 37.: 
In general, a sketch of the curve should be made. 


1. Find the area bounded by the x-axis, the ordinates « = 1, x = 3, 
and the curve y = 2? — @ -+ 25. 


/ 


2. Find the area bounded by the 2#-axis, the ordinate 7 = —2, x = 2 
and the curve y = #7 + 2a + 4. 


3. Find the area under the curve y = 3% — x? cut off by the w-axis. 


10. 


11. 
12. 


13. 
14. 


15. 


16. 


17. 


18. 
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- Repeat Question 3 for 


(a) y= 8 + 2” — 2; 
(b) y = —x? — 42 — 3. 


. Find the area bounded by the x-axis and the curve y= u(x — 4). 
. Find the areas of the segments cut off by the x-axis from the curves 


(i) y = x(x? — 1); 
(ii) y — w(4@ + 1) (4 — 2). 


Find the physical area under the curve y = 4% — 2 from 2 = 0 
to x = 6. | 

. Find the physical area under the curve y = oe (a2 — 9) from x = —3 
to. 2 = 1. 
Find the physical area under the curve y = sin 2 


(i) from x = 0 tox = az; 
(ii) from % = 7 to © = 2m; 
(iii) from * = 0 to & = 2rn. 


Find the physical area under the curve y = cos # 
vis 


Q? 
(ii) from « = 0 tox = 7; 


(i) from xz = 0 to & 


ioe 7 3a 
Gii) from 7 = — - to He 3" 


Find the area under the curve y = # + cos # from x = 0 to 2% = 7. 


Find the area bounded by the curve y = %(8 — 2) and the line 
Ys 2, 


\ 
Find the area bounded by the curve y = x(a — 2%) and the #-axis. 


Show that the line y = 2% cuts the curve y = 4? at the origin and 
the point (6, 12). 


Find the areas under the line and the curve cut off by the 
ordinates at these points and deduce the area of the segment which 
the line cuts off from the curve. 


Sketch the graphs of y = 27, y = 54% — 4. Find the area of the 
segment of the curve cut off by the line. 


Show that the point P(3, 9) lies on the curve y = 27. If PM is 
perpendicular to the y-axis, find the area OPM. | 

If from Q Sa 16), QN is drawn ey ae to the y-axis, find 
the area PQNM ey qe 


The line y = 2x cuts the parabola y = «(4 — . at the origin and 
at a point A. It also cuts the line x — 4 at a point B. Find the © 
area enclosed by —_ 


(i) the curve and the line OA; 
(ii) the curve, the line AB and the line x = 4. 


Find the area between the curve y = 2\/x and the line 2y — x = 3. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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Find the area enclosed by the line y = 12 — x and the curve 
y= w— 4% + 8. 


. Find the area under the curve y = Ja from * = 0 tow = 8. 


Find the area bounded by the curve 4y = 2 and the line y = 4. 


a 
M 


O NX 
The diagram above shows the graph of y = x? from « = 0 to x = 38, 
i.e, ON = 8. 
(i) Find the area under the graph from x = 0 to % = 3; 
(ii) find the area of the rectangle ONPM; 
(iii) hence find the area bounded by the curve, the y-axis, and PM. 


Challenge questions 


Find the area bounded by the curve « = V/y, the y-axis,and the 
line y = 4, using the method of question 22 and noting that when 
x > 0, y = 2 is equivalent to x = Vy. 


P(%1, ¥1) is a point on the parabola y = x*. If O is the origin show 
that the area bounded by OP and the curve is one sixth of the area 
of the rectangle bounded by the axes and the lines = 4%, y = Yj. 


P(X, Y1) and Q(%e, Ye) are any two points on the parabola y = 2?, 


a 3 
Prove that the area bounded by PQ and the curve is a Ee), : 


Examine the cases where P and Q are on the same side of the y-axis 
and where P and Q are on opposite sides of the y-axis. 
Find the area bounded by the y-axis, y = 1 and the curve y = sin & 


0<2<4| 


Find the area enclosed by the y-axis and the curves y = sin x and 
y = cos x in the interval 0 < x < me 


Find the area enclosed by the curves y = sin x and y = cos 2 in 


the interval a <a = oT 


The gradient at the point (x, y) of the graph of y = f(%) is given 
by wd — 2x — 3. The curve passes through the point (—1, 13). 
Find the area under this curve from x = 2 to x = 3. 
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30. (i) Show that the area under the curve y = # from 
x—=r—ttor=re+iisr. 


(ii) By considering the area under this curve from x = } to 
x= n + 4, show that 
n(n + 1) 
2 


i ee a ee t-n= 


(iii) Verify this last result by using the formula for the area of a 
trapezium. 


31. (i) Show that the area under the curve y = «2? — %e from 
*—r—ttoxr=—r- tis 1’. | 


(ii) By considering the area under this curve from x = } to 


= n + 4, show that | 
(pot et tt a, BO ee, 


6 
32. (i) Show that the area under the curve y = xz? — from 
= i an 1 3. as 
t= r— 5 tox =r + 5 is 7°, 


(ii) By considering the area under this curve from z = 4 to 
x= n+ 4, show that | 


|e (ete) 
33. (i) Show that the area under the curve y = 2? from «+ =r — + 
= ts 
to#=r+r>zisr + zy: | 
(ii) By considering the area under this curve from x = 3 to 


x= n + 4, and using the result of Question 30, show that 


_ (n(n + 1)\2 
18 + et +. 33 + Fachintts ele ne = (See) : 


34. (i) Show that the area under the curve y = x4 — <j from 


= 1 = Lign 4 2 
2£=r— 9 tox =r + 7 8 r -- a" 


(ii) By considering the area under this curve from x = 4 to 
x= n -+ 3, and using the result of Question 31, show that 
Ae ae > ee +n = 
n(n + 1)(2n + 1) (8n? + 8n — 1) 
30 | Os 


184 BROOKS’S AUSTRALIAN SCHOOL SERIES 


35. Sketch the graphs of f(x) = xz and g(x) = sin 2 in the interval 
0 < 2 < wz and hence show by considering the area under each of 


these curves from x = 0 to x = # where 0 < t < wa, that 
t? 
1— cost < > 
2 
Now, by considering the area under f,(%) = > and 
; 3 
9:1(%) = 1 — cos %#, show that t — sin t < <. 


§8-11. Area as a limit. 

The method of determining the area of a circle by considering the 
limiting value of the area of an inscribed (or circumscribed) regular 
polygon of 7 sides has been described in §5-1. A similar method of limits 
is used in the following simple example. 

It can be considered simple because the area can also be determined by 


using the formula for the area of a trapezium. We find the area under 
the straight line y — x from the ordinate x = a to the ordinate x — b. 


The line segment, joining the points (a, 0) and (0, 0), described as 
the interval [a, 6], is divided into n equal segments, called sub-intervals. 


zs = and this is denoted by Az. 


Thus the length of each sub-interval is 


On each of these sub-intervals are constructed two rectangles, having as 
sides the ordinates joining the end-points of the sub-interval to the 
line. The figure shows two such rectangles on the sub-interval AB, the 
smaller ABCD, the larger ABEF, the respective ordinates being AD and BE. 


In this way a set of inscribed rectangles and a set of circumscribed 
rectangles are constructed. Let s, be the sum of the areas of the inner 
set, and §, the sum of the areas of the outer set, and A the area under 
the line, so that clearly s, < A < S,. We shall show that each of these 
sums tends to the same limit as the length of the sub-intervals is made 
smaller, i.e., as AX —- 0. Since A is sandwiched between these sums, it 
must equal this limit also. 


ALGEBRA AND CALCULUS I 185 


Now s, = aAxv + (a + Avy)Av +... 4 (a + kAw)Ax +... 
| : + (a+ n— 1Ax) Ax 


= nade + (Ax)?(14+2+4+3...+kh+...+n"—1) 


— naAdxz + (Ax)? mae using the A.P. formula, 
7 NAX Ax 
= (b-a)(a+ re since nAX = Db — a, 
= 4(b —a)(b+ a) — at — a). 
Hence lim s, = 4(b? — a?). 
Axr—> 0 


Also Sa = (@-+ Av)Av + (a+ 2AX) Av... 
| + (@tk+ TAxjAxv... + (@ + nAx)Ax 
= nade + (Av)?(1+2-+...+4+ 2) 7 


== nar +. (Ax)? ma 
nAx Ax 
== NAxv(a + 5 +. a 
b6—a Ax 


= (6—a)(a+ 5 i ay 


= 4(b—a)(b+a) + aE — a). 


Hence lim S, — 4(b? — a’). 
- Ax>0 
Since A is caught between these sums, A = 4(b? — a’) which 


agrees with the trapezium formula. It also agrees with the result 
obtained by using calculus as in §8-9. 
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§8-12. Area under y = f(x). 


In general, we find the area bounded by the curve y = f(%), the 
x-axis, and the ordinates  — a and x = b. We consider the case where, 
in the range a < x < DO, the function f is continuous, increasing, and 
positive. 


Divide the interval [a, b] into n equal sub-intervals each of length 


Az, so that Av = ie or nAx —= b — a. Construct on these sub-intervals 


the set of inscribed and circumscribed rectangles. Let s, denote the sum 
of the areas of the inner set, S, the sum of the areas of the outer set, 
and A the area under the curve. If (%1, 0), (%s, 0), (%3, 0) ... (%,44, 0) 
are the end-points of successive sub-intervals, so that %, = a 
and x ,+),=— 0, the area of the 2* inner rectangle is f(x;) .Az and the 
area of the 7 outer rectangle is f(7;+,).Av. Denote the area under 
the curve above the 2 sub-interval by AAj. 


Then for each AA,, 
f(%). Aw < AA; < F(% 341). Az, 


and so 3 f(#i).At <3 AA: < ¥ f(@;41). Ae, or 
Sa < A< Sn: ~ 
Now s, = 3 f@o Ax 
= Ax [f(%1) + f(a) +... + F(an)I; 
and S, = Sf i41) Ax 
= Ax [f(%2) + f(#2) ... + F(% n4+1)) 


Hence S, — 8s, = Aw [f(@,4+1) — Ff(%)] 
= Ax [f(b) — f(a)]. 
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Now f(b) — f(a) is constant, i.e. some finite number, say h. 


We can, therefore write 
lim (S, — sS,) = lim Avw.h = 0; 


Ax —> 0 Ax —> 0 | 
.. lim S, — lim s, = 0; (limit of a sum) 
Ax => 0 Ax—> 0 
lim S, = lim s,. 
Ax—> 0 Ax—> 0 


We have established that the two sums tend to the same limit as 
Ax — 0, ie., as the subdivisions become finer and finer, and since A, the 
area under the curve, is caught between the two sums, we have 


A= lim 3f(v%).Ae = lim 3 f(a 341). Az. 
- Ayr Qi=l Ar>Qi=1 
The symbols used can now be simplified. Since Av = fae as 
Az > 0,2 — o, and So we replace the limits of the summation by values 
of w instead of values of n. The limits of the sub-division are 7 = @ 
and « = Db, and so | 
ab b 
A= lm 3S /f(%).A%, or more simply A = lim > f(v)dAx. 


Ar >0 x=a Ar >0 x=a 


This limit is universally denoted by the symbol 


b 
| f(x) dx and is called 


the definite integral of f with respect to x from @ to Db. 
The process of finding the limit is called “integration”. 


b 
Hence A = | f(%)dx- 


However, in §8-9, the area under the curve y = f(x) from 
x = ato x = b denoted by ,Az,, is given by 
aA, = F(b) — F(a), where F is a primitive of f. 


b 
Thus | f(v)dx = F(b) — F(a), where F is a primitive of f, and 


from this result integrals may be calculated by using the results of 
differentiation. | 


Ls ~2 
Example 13.—Find (i) | pee x dx; aip| +. dx. 
fe od 
(i) | cos x dx — [sin 7] 
T/2 T /2 
—sinz —sint —0-1 = —1, 
mn > 4 se 1 1 1 
a) [jee —Le]) - 3-4 -% 


b 1 b 
Nore | aes dx is often written | ax, 
Xe 
a OF 


a «x? 
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§8:°13. Indefinite integrals. 


b 
The sign | in the symbol f(z)dx is a corruption of the letter S 


standing for the word Sum. The real numbers a and BD are called the 
lower and upper limits of the integral. The word “limit” is used here with 
the non-technical meaning of “boundary”. 


b 
The procedure for evaluating f(x)dx involves finding some 
primitive F of f, and finding the values of F(b) and F(a). Any primitive 


of f can be used, and all primitives of f can be expressed by the family of 
functions, f’'(7) + C, where C is any real number. This suggests that the 


notation | f(x)dx should be used for the family of primitives of f. Since 


no limits of integration are indicated, | f(x)dxw = F(x) + C, where F is 


a definite function such that F’(2) a f(x), is known as an indefinite 
integral of f. 


Hence, 


if F(x) = f(x), then | Foodx == F(x) + C where C is a constant 


and i | (x) = F(x) + C, then - (F(x) + C) = f(x). 


The term “indefinite integral of a function” is often preferred to the 
equivalent term “primitive of a function’. It is also more convenient to 
use the phrase “integrate f(%) w.r.t.2” or simply “integrate the 
expression”, meaning “find an indefinite integral of /’’, than to use the 
instruction ‘find a primitive / of the function f”’. 


With the indefinite integral notation, the two theorems used in 
finding primitives of polynomials and sums of functions may be expressed 
more concisely: 


(i) | kif (a) |da = i | f(w)de: 


(ii) | [f(«) + g(«)]dx = | f(%)da -- | g(a) da. 


The student should compare similar theorems for definite integrals. 
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Exercise 38. 


Evaluate the following definite integrals. (nos. 1-30): 


2 
te |. 2edx. 11. % (7? — 4x”) dx. 
1 
3 
2. Vea dx 12. |. (4 — Bat) dx. 
0 os 
4 2 
3. | x? dx 13. | (2a — x*)dzx 
1 0 
2 0 
4. | 4x dx 14. | x? dx. 
-1 -1 
1 
5. a dx, 15. |, (3 — 2a)da 
-1 
| ” | 
6. | 2 dz, 16. | (x? — 2? + 4x)da. 
—2 
-1 
7. 2" dz 17. | i + xe? 4) dx. 
om | = 
3 
8. |. (4% — 3) dx. 18. | (2% — 1)? dx. 
1 
2 2 
9. | (7? + x4) dx. 19. | 32(x% — 3) dx. 
-2 0 
10. | (x? — 3) dx. 20. |. (x? ra x +1) dz. 
-3 a 


22. 


I 
a 
) 


a. | (x? — 3x4 + 2) da. 


T 


vie 


I 
tal 


T 


on 
J. 
I, 
is 


a 


/ 


sin 22 dx. 


/a 


$ sin 2x dz. 
cos 2x du. 


cos ~ 
2 


WT /2 


cos -—— da, 


(Qe + 3)-2 dx, 


V1 + 5a dx. 
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sin (x2 + 7) det, 


31. +=Find the following indefinite integrals: 
(i) | (ax? + bz a c)dx where a, b, ¢ are constants; 
a | oF dx 
(ii) [cos x dx; (iii) |; 
(iv) | cae + 0b)?dx where a, b are constants; 
| da oo eee 7 
(v) i (vi) [sin x ax; (vii) jets a 
Section 8. — Revision. . | 
1. Find the general solution of the following differential equations: 
oe) ae -, ay ; , ay 1. 
(i) 7 = 48; (iv) a. 1; (vii) 7. Va 
Po! |) Se ; dy ; we, GY 
(ii) a 223 — 1; (v) dx 0; (viii) a sin x 
gy. GY _ 2. i dy ~2 ; dy 
(iii) is (2% — 1)?; (vi) er ao: (ix) ae 2 cos 22 
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2. Find the general primitives F of the following functions: 
(i) f(v7) = 2a? — Tx + 4; (vii) f(x) = sin a; 
(ii) f(x) = (2% — 5)5; (viii) f(%) = cos &@; 
(iii) f(x) = (1 — 38); (ix) f(x) = sin 32; 
(iv) f(x) = x; (x) f(%) = cos 4a; 
(v) f(v%) = x; (xi) f(%) = sin (az + 5); 
(vi) f(v%) = 2u(u? + 7); (xii) f(z) = sin 7/2. 

3. Show that if f, a function in x, is continuous in the interval 
a< x < BD, then the area under y = f(x) from x = ato x = bis 
given by f(b) — F(a) where F is a primitive of f. 

4. Find the area of the region bounded by the w#-axis, the ordinates 
x = —1l and % = 2, and the curve y = x -+- 2 between the ordinates. 

5. Find the area bounded by the curve y = 4 + 7% — 2x? and the 
v-axis. 

6. The line y = 2 — x cuts the parabola y — x? at A and B. Find the 
area of oe region bounded by the curve and the chord AB. 

7. Find the equation of the curve of a function f given that 
F@) = = 8 — w -+- 2x3 and f(1) = 5. 

8. Express y in terms of ~ if a = (1 + 4“)** and y = 1 when x = 0. 

9. Sketch the graph of the function f where f(x) = x(# — 1)(#% — 2). 
The regions bounded by the curve and the «z-axis are shaded. Find 
the area of the shaded regions. 

10. Sketch the graph of y = cos « in the interval — - ae a - and 
find the area bounded by the curve and the z-axis. 

11. Show that the area under the curve y = = from ~ = 2a — 1 to 
‘ 2 1 
= 2a + 1 is (a — 1)@0 +1 where a > oa 
Use this result to show that 
1 1 1 1 nN 
—~—- + —— 4+ —— + ............ ichceeatssien ee - O = s —S 
1.37 3.5 : 5.7 + (2n — 1)(2n + 1) 2n + 1 


12. Find the indefinite integrals: 


(i) | x3 da: (ii) | (1 — x)(1 + x)dx; (iii) \pesy dix. 


13. Evaluate: 


(i) |P sin 2” da; (ii) | (x2 — 1)dz. 


0 


10. 


11. 


12. 


13. 
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General Revision 2. 


. Define: the derivative of a function. 


Use your definition to find f’(x) 
(i) when f(%) = 3”? — 4x” + 5; 
(ii) when f(@) = 2. 


Find, from first principles, the derived function f’ of the function f, 
which is defined by f(x) = 1 + 2x — 3x”. Use your result to find 
the gradient of the graph y = 1 -+ 2% — 32° at the point whose 
x-coordinate is —2. 


Explain: stationary point; turning point. 

Given the derivative of a function, explain with full detail how to 
determine whether or not the function has a maximum (or minimum) 
value. 


Define: maximum value of a function. 
Is the maximum value of a function necessarily the greatest value? 
Is the greatest value of a function necessarily the maximum value? 


Find the stationary values of the function f, where 
f(x) = 4”3 + 97? — 302 + 1 
and distinguish between them. 


Find the stationary values of the function f, where 
f(v) = 2(@ + 3)(5 — 2@), 

determine their nature, “and use ane result to sketch the graph of 

the function. 7 


Sketch the graph of y = 327° — 32? + 3x + 6. Explain why the 
function has no turning values. 


The sum of two numbers is 20. Find the largest value of their 
product. 


A rectangular block with a square base has a total surface area of 
216 square cm. If the edges of the base are each x cm long, prove 
that the volume of the block is 4(108% — 2°) cubic cm. Find the 
dimensions of the block with the greatest possible volume. 


Find the gradient of the given curve at the point P on it whose 
x-coordinate is given: 


Gi) y¥=—3 —e+ 2 — 2, 4%: = —1; 
(ii) y = 4% 4+ 247 — 4, 2% = 0; 
(iii) y = x? — 16, 2% = —3. 


Find the equations of the tangents to the curve y = 11 + 2a + g2 — 2a 
which are parallel to the line y + 24 — 3 = 0. 


Find the greatest and least values of x? — 3x2 — 9x st. + in the 
meres —4 = 2 S 4. 


Ba +1... Pye 
arn e +1 differ from 3 by less than 0-001? 


Use your. result to find lim f(x) where f(z) = ee ee, 
3 2 —> 0 +1 


For wine values of x does 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 
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. 242 — 3a — 4 


(i) as x => QO, (ii) as © > oo. 
- Find, from first principles, the derivatives of the following functions: 
(i) f(@) = =; (ii) f(2) = V2; (iil) f(@) = Sp. 
Find the derivatives of the functions defined below: 
(i) f(%) = (82? — 4x)?; 
(i) f(2) = -7S: 
(iii) f(v) = V1 + 2a — 32?; 
(iv) f(v) = (1 — 2%)? 
(v) f(%) = xV/1 + @; 
(vi) f(x) = sin (av + 5d); 
(vii) f(”%) = 2? cos (2x + 8); 


(viii) f(%) 


cos 2x7. 


Find the derivatives of the following functions: 


(i) f(x) 
(ii) f(x) 
(iii) f(x) 
(iv) f(x) 
(v) f(x) 


= sin 22; 

= sin (az? + be +c); 
= sin? 2; 

= sin (27) ; 

= Vsin we 


Ify = V1 — 2, find oe Use your result to find the tangent to 
the curve at the point where x = 0. 


A closed rectangular box is made of sheet metal of neglible 
thickness, the length of the box being twice its width. If the box 
has a capacity of 248 cubic cm, show that its surface area is 


442 i square cm, where x cm is the width. Hence, obtain the 
dimensions of the box of least surface area. 


Find fF, the general primitive of f, if f is defined as follows: 


(i) f(x) 
(ii) f(x) 
(iii) f(x) 
(iv) f(x) 
(v) f(#) 
(vi) f(x) 


—= 2x47 — 3% 4+ 4; 

= (1 — #)(1 + 22); 
= (1 — 2)*; 

= sin 2%; 

= (av + 6)"; 

= cos (ax + b). 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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Find the general solution of the equations: 
(i) = — 42%; 


(ii) 5 = 1 — 2 


eee dy —s . 3. 
< dy 2 e 


(v) dz = (1 + x)". 


Explain how the second derivative of a function is used to classify 
stationary values of the function. I[Illustrate your answer with 
sketches. 


Investigate the stationary values of f(x) = ax? — 2bx + 6%. 


Give a geometrical explanation of the arbitrary constant used in 
finding the general primitive of a function. 


With the usual notation, prove that “ = f(x). 
Find the area under the curve y = x? + 4 between the ordinates 
at « = —2 and # = 3. 


Find the area of the region enclosed between the curve y = 2x", and 
(i) the z-axis and the ordinates at ¥ = 1 and x = 3; 
(ii) the y-axis and the lines y = 1 and y = 4. 


Find the area of the region bounded by the curve y = 4)\/%, the 
x-axis and the line + = 9. 


Find the area enclosed by the line y = 3 — 2x and the curve 
|) ame a 

Find As x sin x. Use your result to find a primitive F of the 
function f where f(x) = % cos @. 


Find the sum of 7 terms of the G.P. 

atart ar +... + ar” 
and explain the condition that this sum should approach a limit as 
m increases indefinitely. 


Show also that the product of the v terms is 


VV (aPa 7-4) 
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30. Write down a formula for the sum of 27” terms of the geometric series 


Roekr+kr’? + ket... (r + 1). 


In this series of 2” terms, find (i) the sum of every alternate term 
beginning at the first; (ii) the sum of every alternate term beginning 
at the second. By adding these two expressions obtain the original 
sum. 


31. The 18** term of an arithmetic progression is double the 12" term and 
the sum of these two terms is 9. Find the first term and the common 
difference. 


32. Find the indefinite integrals 
Pa 3 
(i) | ean; (ii) ja — x) (1 + «) du; (iii) > dx. 


33. Evaluate 


wv 


= r 
(i) I; sin 2” daz; (ii) | (x? — 1) dx, 
3 , 


-adiiaed 


om & 
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EXERCISE 1. — Page 8. 


(i) 2, 4, 6, 8; (ii) 2, 3, 4, 5; (iii) 1, 4, 9, 16; (iv) 1, 4, 4, 43 
(v) 1, 3, 5, 73 (vi) 1, —l, —3, —5; (vii) 2, 6, 12, 20. 
(i) 2, 4, 8, 16; . (iv) log2, log(/2), log(4/3), log(5/4); 
(ii) 1, 3, 9, 273 (v) 1, 4, 4, %. 
(iii) 3, 6, 12, 24; i i 
4n — 3 
1, 4, 7, 10. 6. 2,0, —2, —4. 8. 1, 2,5, 126. 10, —1, —2, —5, —14. 
—1, 1, 3, 5. q. 1, 2, 4, 8. 9. 1, —1, —1, 1. I, 2, 5,12, 27. 
(i) 1; —(—1)2;_—— (it) 55: —(—1) 2.2. 


EXERCISE 2. — Page 10. 


1. 62 — 1. 7, a(2n — 1). 13. x/2, 6x. 
2. 3n — 5. 8. a@ — b(2n — 3). 14. (6 — a)/7, (6a + b)/7. 
3. 9 — 2a. 9. 3, 20. | 15. 5. 
4, 10 — 7n. 10. 14, 134. 16. —1/2. 19. 4. 
5. (52 + 3)/4. li, —2, —5. 17. 83. 20. 4. 
6. 1 — 42. 12. 4 —2/5. | 18. 53. 21, a, 
22, (i) 13, 16, 19, 22, 25; (ii) 0, —4, —8, —12, —16. 
23. (i) 44, 5, 53; (ii) 63x, 54x, 442. | 
(24, 10. 26. 12. 28. 5. ' 30. 2, 11. 32. b, a + 4b. 
25. 10. 27. 9. 29, 3, 14. 31. a, 5a. 
EXERCISE 3. — Page 12. 
1. 154, 2. 480. 3. 69-5. 4. 705. 5. —266. 6. —78. 7. 210x. 8. 1092. 9. —236. 
10. (i) 32(m + 1); Gi) sum of first 2” natural numbers, 
11. (i) 36; (ii) 7”. 14. 4n[a(n + 1) + ee 3)]. 16. 1723. 
12. (i) 72; (ii) .2(m + 1). 15. 637. 17. 56. 
13. 3na(3 — n). 


EXERCISE 4. — Page 15. 


1, 8. 4, 16. . © St. 10. 1, 24, 4 

2. 20. . 5. 20. 8. 5, 14 or —13%, 344. 11, —3, —1, 1, 3. 

3. 32, 6. 32, 33, 34. 9. (i) 6633; (ii) 4100. 12. 1. 

13. k(a + 1)/2; (ak + D/(R + 1), (@ + RD/(R + 1). | 

14, 253. 15. 1,3,5. 16. 4 — 2n; 2, 0, —2. 17. 13. 
EXERCISE 5. — Page 16. 

1, 3-49, 3°49, 3-4n-1, 4, 5%,2-8, 5°2-9, 5n-125-2n, J, x8, xt, x2r, 

2. 4°, 4%, 420-2, 5, —3, 3-2, (—1) 71,38», 8, —a-T, —(—1)*.a5-2", g3-,¢, 

3. 2, 2-2, 25-2, 6. 4.34.37, 4.32. 

9, —2°.3-4, —(—1)*.2'-8,32+, 22F-231-2r, 

10. 1, —(—1)P, —1. 12, x4, x2p-6, x4p-6, 13, 24, 22n, 

V1, a-2b4, a8-? be-1, a3—2p,b2p-1, 14, at, g2n, 


“ 
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EXERCISE 6. — Page 19. 


1. + 3\/5/2*. 4. 48, 72, 108, 162. 7. 18. 10. —9 13. 7 

2. +8\/2*, D. 48, 36, 27, 207. 8. 3. Il. 12 14. 5 

3. + 1%. 6. +h. 9. 4. 12. 11, 

15. Gi 2 as ea 16. (i)6 + 12 + 24 + 48 + 96 + 192; 
(i). 3 O97 Gore sh i as aay ase? : 
Gui) %+ 4+ % + as + Wo, (Gi) 3 + 6+ 11 + 20 + 37 + 70 

17. 199, 2904. 22. 3277/4096. 27. (2 + V/2)(22/2 — 1). 

18. 29524. 23.. 39" 2) 5.2 28. (37/2 — 1)(3 + V3)/6. 

19. 1275. 24. (1 — 3%a®)(1 — 3a). 29. (1 — «°/2)/(1 — 27/2). 

20. 171. 25. 11 (approx.) 30. 5 + 3V3. 

21. 242/81. 26. x(y22? — 1)/(y2 — 1). 

EXERCISE 7.— Page 22. 

lL. Tre. 4. 9. 7. 4, 8, 16. 10. 16, 4, 1, ....; 17. 

7 amas ee 5. 8. 8 Bed: OF. MW. 5° — 1)/7 — 2 

oo La 6. 1, 2. 9.28; 12. 1 or —2. 

14. (bf — 2)/(b — 2). 15. a Cae Te PPE: PRCT Carts eee Oe ee Re eee 

16. 5. 17. 1,5; 31/21, —5. 18. 2” — 1I)/G2 — I. 

EXERCISE 8. — Page 24. 

TL, xt a- 449 + 6x? + 4x + 12 2. xt —— 4x" + 6x? — 4x + 1, | 

3. x5 - 5x4 + 10x? + 10x? + OSe + O22 A, x® — 5Sx* + 10x* — 10x? + 5x — 1, 

5. x® 6x5 + 15x48 + 20x% + 15e? + 6x + 1. 

6. x® — 6x° + 15x — 20x7 + 15x? — Or + 1. 

7, a + 6a°b + 15atb? + 200°? + 15a2b* + 6ab® + 5°. 

8. a® — 6a®b + 15a4b? — 20a°S® + 15a7b* — 6ab° + B®. 

9. a™ + 7a®b + 21a°b? + 354th? + 35a°b* + 21a7b° + 7ab® + 8’. 

10. a7 — 7a° + 21a°b? — 35atb® +. 35a°bt — 21a°® + 7ab* — 0". 

WL, xt + 8x° + 242? + 32x + (16. 12, x° — 10x* + 40x? — 80x? + 80x — 32. 

13, 16x* + 322° + 24x? + 8x + £1. 14. 8x° — 36x%y + 54 xy? — 2793. 

15, 16x* — 160x® + 600x? — 1000x + 625. 16. (1) Sx’; (it) 6x: (ld) 42°. 

SECTION 1.— REVISION — Page 24. 
Te G) 256, 18,545 Gi) 2,095. 83 6. 2, 2. 9. 16. 
3. 2, 550. 7. 1024. 
eo MRO? Sa 1) 
4. 15; 5. 8. (1) Yes; (i) ——— 
b— 1 
5. a-2b8; a2—-nbn-1; g@-n(an — bn) /(a — DB). 


10. 1 + 2x +473 1 Bx + 3x? bets 1 4a + 6x? + 4x3 + x’; 
1 + 5x - 10x? + 10x® + Sat + ox®s 1 6x f+ 15x? 4+ 20x% + 15x* + 6x® + 2°, 


* Only the positive sign applies if we adopt the convention that the geometric mean of @ and 0 is 
Vab. (See example 9, §1°6). 
7+ See example 10, §1°6. 


aS eS ae 


BS eS Set es 


Sor ON 


a 
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EXERCISE 9. — Page 28. 


~ 8; 10; 12. 2. 1-2. 3. 0; 4; —1/9; %. 
EXERCISE 2. — Page 13. 
6x; 2x — 2; 8x; 4x — 3. 8. 6x; 8x. 
2x; 6% ++ 1; x —~— 4; —4e + 3. 9. 6x + 1; 14e + 1. 
2x; 4; (3, 15). 10. 3x?; 3x”. 
4x; 16; (—3, 18). 11. 12x?; 21x?. 
4x — 1; —13; (1, 5). . 12. 4x°. 
1 — 4x; +3; (%, 4%). | 13. 5x*; 7x°; 8x7; nxn-? 
2x; 2x. 
| EXERCISE 10. — Page 31. 
3x7, 10. 6x — 1. 19. 4arx’. | 28. 3x7 — 4x — 4. 
6x°. 11. 10x + 7. - 20. 9x? — 2. 29. 3. 
6x7. 12. 2 — 2x. 21. 14% — 14. 30. a. 
20x*. | 13. 1 — 6x — 15x. 22. 2x +2. — 31. 6t. 
2bx. 14. 18x. 23. 8x — 6. 32. —2 — 8t. 
6x. 15. 642°. 24, 3x7 — 6x. - 33. u + gt. 
6x. 16. 3x? — 6x + 3. 25. 2x + 3. 34. 6x? — 6x + 5. 
2x — 2. 17. 3x/2. 26. 3x7 — 4x + 1. 35. —l, 2. 
28x* + 9x7. 18. x — i. 27. 3x7 — 7. 


an(n — 1)x"-2; n; a.n(n —1)(n —2)... 3.2.1. 


EXERCISE 12, — Page 38. 


y = 4x — 4. 7 y = —4x — 8. 14. (i) y = 2x — 8; 

y = 10x — 5. 8. y = 4x 4+ 3. (ii) y = 6x — 12; 

y = 8. 9. y = 2x + 3. y = —6x — 24. 

y = 5xe—5. 10. y = llx — 4. | 15. 1. 

y = 3x. WW. y = —2x — 15. 16. y = 9x — 12. 

yo7—x. | 17, y = —6x — 19; y = 6x — 7. 
SECTION 2. — REVISION — Page 39. 


. 4. 
. (i) 3x7; (ii) 3x75 (iti) 6x7; (iv) 9x7 — 2x + 3. 

. (i) 14% + 23 (ii) 8x — 5; (ili) 4x + 4a; (iv) 2ax + 2B. 

. (i) 23 (ii) 8x* — 6x + 2; (iii) 5x* — 6x? + 3; (iv) 302°. | 

. G) y — 8&& +16 = 0; ) (ii) y— 3x —3 = 9; (iti) y + 4e —5 = 0; Civ) y = 5; 
(vy) y + 5x — 15 = 8. | 
-y—3x+ 14=— 0. 


EXERCISE 13.— Page 40. 
1 = increasing, d = decreasing. 
~(—d 1x33 <x S5,d; 
(b) —4 Sx < —Il,d;—1 <x S 2,3; 
(c) —lSx4<3,53<% § 6,4; 
(4d) —6 Sx < —3,d;-—3 <x S2,3; 
(ec) OS x <3,and5 Kx S 8,1;3 <x <5, d; | 
(f) —6 Sx << —4, and —2 < x S2,d; —4 <x < 2,3; 
() -lSx<3,53<0%xS 6,14. 


EXERCISE 14. — Page 44, 
Max. | : 9. Neither. 10. Min. 11. Neither. 
. (i) —1; (ii) 0; (iii) 1; gradient changes from negative to positive. 
. (i) 1; (ii) 03; Gii) —1; gradient changes from positive to negative. 
. (i) 24; Gi) 0; (ii) —12; (iv) 0; (v) 24; gradient changes from positive to negative to positive. 


PEND RSsaonaarenb 
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EXERCISE 15. — Page 48. 
1, —11 (min.). 3. 94 (max.). 5. -——2 (min.). 
2. 4 (min.). 4. 62% (max.). 6. 1 (max.). 
EXERCISE 16. — Page 49. 
1. 450 m?. 4, 80m. 6. Square of side 5 m. 
2. Square of side 200 m. 5. 5. 7. 34. 
3. 100. 
- EXERCISE 17.— Page 52. 
1. (—2, 30) max., (1, 3) min. 6. (—2, 0) max., (0, —4) min. 
2. (2, 27) max., (3, 26) min. 7. (0, 0) min. 
3. (1, —13) max., (14, — 134) min. 8. (—1, 0) min. (—, Ke) max., (0, 0) min. 
4. (—5, —117) min., (0, 8) max. 9. (—%, —49%7) min., (4, 36) max. | 
5. (44, 447) max., (1, 0) min. 10. (— 1%, £997) max., (1, —36) min. 
14. y = 90 also when x = —5; for all x < —5, y > 90 since y is decreasing when — < x < —2. 
EXERCISE 18. — Page 54. 
9. Graph is always rising (except when x = —5) and has no turning point. 
11. An infinite number. . 
12. An infinite number. 13. Gradient increases as x increases. 14. Gradient decreases as x increases. 
17. Gradient large positive, decreases to —37}4, then increases to large positive without limit. 
18. Gradient large negative, increases to 3, then decreases without limit. 
19. 18 m*; no. 20. 71167 m’. 21. 109 cm? (approx.). 22. x = 2%. 
SECTION 3. — REVISION — Page 56. 
1, (i) —1; (Gi) 0; (iii) 1. Gradient changes sign from negative to positive at x = 2. 
Curve has turning point (min.) at x = 3. 
2. (i) Point of inflection; (ii) point of inflection; (iii) maximum; (iv) minimum. 
3. (1) 2; (11) 0; (iii) —2. Gradient changes sigi from positive to negative at x = 2. Curve has 
turning point (max.) at x = 2. | 
5. (i) —17, min.; (ii) 13, max. 6. 36. 7. 16cm X* 16cm. 
7. 16cm X l6cm. 
8. (i) max. 7, min. 3; (ii) max. 35, min. —73; (ili) min. —11, max. 21; (iv) min. —701%7. 
max. 255. 
Wl. x = 1. 12. None. 13. Max. 49% 7, min. —36. 
14. Min. —16 at x = —1. 
15. (a) T; (b) F; (c) F; (d) F; (e) could be true (but not necessarily). 


EXERCISE 19. — Page 62. 
(i) 3; Gi) 8; ii) —1; (iv) 2.” ‘ oe 
(i) 3x —y—2=—0; (ii) 8x —y— 18 = 0; Gn) x ++ y= 0; Gv) 2x—y+1=—0. 


Sx— y —1=0;*4¢=¥% y= —1; V26/5. 

9x —y +5 = 0; 5V/82/9. 15. 12, 3. 

x + 18y — 308 = 0. 16. 7, —. 
x= 23,y = —"1. 17. 20, 0. 

(2, —8); 2x — y — 12 = 0. 18. 8, —64. 
x—y—-2=—0. 19. %. 

2x +y—1—0. 20. 0-116 m*. 
(—1, 3), C4, 443%7). 21. 125 cm’. 
(—1, 6), (2, —3). 22. «<5. 
27x -+- 27y — 113 = 0; 2x + 2y — 13 = 0. 25. 16\/2/27. 
27x —27y + 31 = 0; *—yt1=d0. 26. c << —14. 


2x — y +1 = 0; 54x — 27y —5 = 0. 27. —2. 
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| EXERCISE 20.— Page 66. 
dy 


ois k, where k is a constant. 6. Rate of change of V w.r.t. r is 4arr. 
t . 
dV 

= = —0-05. 4, a = 3. 4. 2ars oa; 297. 

| dA 
or =— 0-1. 5, —— = 0-1 | 8. 0-649 cm®/cm. 
at at | | 
25a cm*/cm. 10. 9 cm/sec; 11 cm/sec; 10 cm/sec; 12 cm/sec. 
Constant petrol consumption of 20 km per litre. 


Volume is proportional to the pressure; variation constant, —2. 


EXERCISE 21.— Page 68. 


—6x7". 4. 6x73, | ee 10. 1 — 2x7. 
= )0g- en ml 8. 1 — x7?. Hy hee. 
—4x74, 6. —c?x7?. 9a 3478, 12. 677". 


EXERCISE 22. — Page 71. 


1. 24x? + 24x + 6 = 6(2x + 1)%. 13. 2a(ax + 6). 
2. 6x° — 24x + 24x = 6x(x? — 2)? 14. —4(a — x)*. 
3. 8x(x* + 1)*., 15. —6(a7 — 2x)?. 
4, 12(2x + 4)°. 16. an(ax + b)--1, 
5, —30(5 — 3x)’. 17. —nq(p — qx)?-1, 
6. —5(1 — x)*. 18. —2/(x + 2)%.- 
7. —30x7(1 — 2x")*. 19. —(2x — 1)/(x? — x)?. 
8. 7x°(2x + 3)(x + 3)°. | 20. —2(3x7 + 3)/(x* + 3x)* 
9. 2(2x — 1) (x? — x — 6). 21. 12/(1 — 3x)?. 
10. 6(3x — 2) (3x7 — 4x + 6)?. 22. —2/(2« + 1)?. 
AL. 4x°(15x? — 8x + 1) (5x? — 4x + 1)*, 23. —12/(2x + 1)*. 
12. 5x*(1 — 6x) (1 — 3x)*. 24. —36x/(3x7 + 1)%. 
25. —8(3x + 2)/x°(x + 1)°. 
26. (i) 4x°(x? — 1)°(3x? — 1); (ii) —S(e? — 1) 4/2”. 
27. 2 sin x.cos x; 2e7*. 28. min. = 0 when x = —1; no max. 29 0 


SECTION 4, — REVISION — Page 72. 


1. (i) 15, Gi) —2; @ »y — Ix + 13 = 0, Gi) y + 2% = 0. 
5 3y+xet2—0. | 
6. Greatest value 6, when x = 5, least value — 26, when x = 3. 
dv 
7. = 
at 
8. (i) 24x? (2x* — 1); (ii) —3(1 + 2x + 4x°)(1 — x — x? — x‘)? 
9. 2(1 — 2x). | | 
10. (i) — 2 sin x cos x; (ii) — 2 sin 2x. 
Il, 6(2x — 1)*; 8x(x? — 1)*®; —2/(2x + 5)? 
12. —(4x*° — 6x) /(x* — 3x? + 1)?; —6/(2x — 1)4 
13. —2 max., 2 min. 


(—, 0), point of horizontal inflection. 
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EXERCISE 23. — Page 86. 
1. Limits as follows: (a) 2; (c) 0; (d) %; (e) 1. 
2. 6; no limit; 6. 
3. (a) 4/3; (b) 0; (c) —2; (d) 3/2; (ec) —3; (f) no limit; (g) —). 
4. (a) 17; (b) 34; (c) 3; (d) 2; (e) 8/3; (£) 7; (g) %4; (h) 0; (i) 0; G) no limit; (k) 1; () —1. 
5. n > 298. 6. » > 999. 7. (a) 2; (b) 7; (c) %; (d) —4%; (ce) —3; C£) 3. 
8. |x} < Yoo; 3. | 9. 1; 1. 
10. (i) 6,%; (i) %4, —%; (ili) —%4, 4; (iv) —6, —5;  (v) —4, —3. 
EXERCISE 24. — Page 94. 
1. (i) continuous; (ii) not continuous atx = 1. 5. (i) yes; \ii) no. 
2. (i). 6 Gx} Gi) «r= 41. 
3. (ii) x = 0; ii) x = 0. 7. (i) x73, (ii) 4a — 3; (iii) 2. 
EXERCISE 25. — Page 97. 
1. 1%. 4. Not possible. 7, 2700. 
2. 1%. 5. 20. 8. Not possible. 
3. 38. 6. Not possible. 9. 1/(1 — x) | < 1. 
10. x°/(x? — 1), |x| > 1. | . 
IW. x/(x + 1), |x| > 1. 13. (x —1)/(« — 2),% < 0Oore > 2. 
12. —(1 + x)/x, —2 << x < 0. 
14, —4. 15. 9, 3. 17. 4°2 m. 18. 20. 
19, -(i) 20{1 — (0°3)7}/7; | Gi) 20 {1 — (—1)7(0°3)7/13}; 2%; 2%3. 20. 164; 8(3 + V5) /3. 
SECTION 5.— REVISION — Page 97. 
1. (a) 0; (b) 3; (c) 2/3; (d) 0; (e) % 
2. (a) 7; (b) —9/13; (c) —6; (d) 0. 
3. (a) —4; (b) 3. 6. (a) x = 0; (b) x = 3. 
4. 4/3; 3. 7. (a) yes; (b) no. 
8. 4. 9. 2:5 m. 
GENERAL REVISION 1. — Page 98. 
1. 7’(x) = 4x — 4. Graph of f is falling for x < 1, stationary (min.) at x = 1, rising for x > I. 
2. (i) 9x? — 4x +1; (ii) —3 4 8x — 3x2, 
3. 3x —y +1 = 0. . 14. 64cm 
4. (i) x8 + 6ax5 +- 15a2x4 ++ 20a38x3 ++ 15atx2 + 6a5x + a6; 
(ii) 16x4 — 96x3 +- 216x2 — 216x + 81. 
9. Ymax = 93 Ymin = 14/27. 15. g(x) = 6x? — 12; (0, 4). 
10. Yes, when x = —1. 16. x > 1. : 
17. Greatest value is 584, least value is 67/27. 
A Yee 2 ey i cee ee 18. —1/x’. 
12. (i) f(—4) = 18547; f(—1) = 7; (ii) no turning value, since f’(x) = —3(1 — x)? is never 
. positive. 
13. 14. 
19. 18x(3x? — 4)?; 5(15x%7 — 4)(5x* — 4x + 9)*. 
20. (i) —4/3, 2; (ii) 1, 3. 21s de 2, 
22. (i) discontinuous at x = 0 and atx = 1; (ii) continuous; (iti) continuous. 
23... 7393 
24, 14; 1; 3. 
25. (1 — x)2{1 — (1 — x)8}/x; 
6 — 27x + 56x2 — 70x38 -- 56x% — 22x35 + 8x6 — x7; (1 — x) 27. 
26. 4 —3"; 4. | | 


1. 3x’. 2. 4x. 3. 2ax + 5b. 4. — 1 — 2x. 6. 3/x?. 
7. Ay = 6x. Ax + 3(Ox)?; Ay/Ax = 6x + 3. 4x, if Ax # 0; 6x; 6-03; 6. 
8. 4a — 3 + 2h; 4a — 3. 12. 16. 16. 3 — 1/x'*. 
9. 12x7 — 4x. 13. — 4 — 3x%. 17. 2x — 3 + 4/x*. 
10. 10 + 8x — 18x’. 14. x« — 4. 18. — 4 — 62. 
ll. 4 — 6¢. 15. u + gt. 19. 4 + 10x; 24; —6; 4. 
20. 17; —11. 21. — 5/24; zero gradient when x = — 5/24. 22. x® + 4x + 1. 
23. 2x7 — 7x + 5. 24. x*/3 -- 2x7 -+ C, where C is a constant. 
EXERCISE 27. — Page 109. 
1. 50x. 6. —4/x*. Al, 6x-* — 3x, 16. nax"-!, 
2. 2x + 3. 7. sa Pd 12. 4x-7/s 17. —b/x’. 
3. —1/x’. 8. ee, — 2-8 13. 5/2V/x. 18. a — c/x’. 
4. 1/2/x. 9. — 10x — 4. 14. 1 — 1/x’. 19. — 1. 
5. —5/x?. 10. 1 — 4x. 15. — 2/x? — 1/2Vx. 20. 3/227 + 1/V. 
21. 5x4; 6x5; 4x3, 22. —x/y. 23. —2x/3y". 
A, —(2x — 3)/(2y + 4). 28. —x By, 32. — b/x?. 
25. —4x/(6y + 5). 29. 6x? — 8x. 33. a? — 2ax. 
26. (x + :1)/(y + 2). 30. — 1/x? — 2/x’*. 34. b — 2ax. 
27. x?/(1 — y’). 31. nax, 38. YWYx* + 3. 
EXERCISE 28. — Page 115. 
1. 40(4x + 3)°. 1. — 2x(x? — 4). 21. — na(b — ax)r-1 
2. 5(2e —3)(1—3x--x)% 12. Bx(1 4+ x) 1/2, 22, —2(2x +5), 
3. 3/2V/3x + 1. 13. 4(x + a)*. 23. — 3(3x — 7)’. 
4, (2x + 5)/2V/x? + 5x. 14. 2x/3(x? — 1)?/s, 24. (1 — x). 
5. an(ax + 6)n-1, 15. — a?/2(axz + b)*/2, 25. — 8(4x — 7)-’. 
6. —b/2\/c — bx. 16. 15(3x + 4)‘. 26. — a(ax + 5)-. 
7. (2ax + b)/2Vax? + be te 1%. 12(3x —2)* 27. — na(ax + b)-’. 
8. —(2ax -+ b) (ax? + bx + c)-*. 18. — 3(1 — x)? 28. 8x(x7 + 3)*. 
9. —~ 1/2V/x'. 19. — 15(2 — 3x)*. 29. 15x?(x* — 1)‘. 
10. — 6x2(x* + 4)-?. 20. 4a(ax + b)*. 30. 7x°(6x — 1) (3x — 1)°. 
32. 4(x ++ 1/x)-*/2.(1 — 1/x’). 33. 30x +11. * 
34. (y) 4x* + 6x7 — 16x — 6; (ii) 1524 + 3x7 + 2x — 2. a 
35. 10x4 + 4x* — 9x? — 4x — 1. 42. —(x? + 2x — 2) (x? + 2)-”. 
36, 30x + 20x" — 42x + 28x + 12. 43, (2x* — 3x2 + 3)(x* — 3). 
37. 2(12x? — 2x — 45) (x — 1)’. 44, (3x7 — 4)*° + C. 
38. 2(12x7 — 2x — 45) (x — 1)°. 45. (4 — 3x*)? + C. 
39. —2(3 — 22)*(3x* + ) (42x? — 45x + 16). 46. 4 (4x + 2)° +. 
40. 4(3x + 2)(x + Xs 47. $(2x —D)™+C. 
41. 4(10x? — 24x + 3) (x — 3)-*/2. 
EXERCISE 29. — Page 120. 
1. 4 cos x. 9, } — 1 sin x. 16. — asin (ax + 5). 
2. — 3 sin x. 10. — cos x. 17. cos 6. 
3. cos x — sin x. 11. 4 cos 6 — sin @. 18. 4 cos 4x. 
4. cos x + sin x. 12. 1 — 4 cos 6. 19. — 3 sin 30. 
5. 3 cos x + 4 sin x. 13. cos (@ + @). 20. 4 cos (46). 
6. 1 + cos x. 14. — sin (@ —@). 21. 2 cos (2x + 1). 
7. 1 — sin x. 15. acos (ax + 5). 22. sin x. 
8. 2x + 3 sin x. 
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EXERCISE 26. — Page 102. 
5. —1/x’. 
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23. (a) 2 cos x; (b) 2 cos 2x; (c) 3 cos (4x); (d) 2 sin x cos x; (e) 2x.cos (x*); (£) 2x.cos (x? + @). 
24. (a) — 3 sin x; (b) — 3 sin 3x; (c) — % sin (%x); (d) — 3 cos? x.sin x; (€) — 3x*.sin (x*); 
(f) — 3x? sin (x® + @). 


25. 3 sin? 6 cos @. 34. 2 sin (36) cos (36). 43. (a + 26 sin x) cos x. 
26. sin 6. 35. —4 sin x cos x. 44, — sin x. 

27. nsin "1 x.cos x. 36. 4 sin 2x cos 2x. 45. sin x -+ x cos x. 

28. — n cos?-1 x sin x. 37. —4 sin 26 cos 26. 46. 2x(cos x? — x? sin x”). 
29. — 2(sin x + sin 2x). 38. 45 cos x(a + bsin x)—/2, 47. sinx + C. 

30. 12 sin* x cos x. 39. 3(a + bcos x)—*/2.bsinx. 48. sin 3x + C. 

31. 3 sin 3x — 2 sin 2x. 40. (—7/180) sin x°. 49. — 4 cos 2x. 

32. 4 cos*(4x) — $ sin?(4x). 41. (qra/180) cos (ax + 5)°. 50. a1 sin (ax + 56) +0. 
33. 0. 42, (— sin Vx) /2\/x. 51. sin (x —a) +C. | 
52. (i) sin x sec? x; (ii) — cos x cosec? x. 54. — cosec? x. 

53. sec? x. | 55. y = x cos @ — cos & (@ is a constant). 


SECTION 6. — REVISION — Page 122. 
1. (i) 6x; (ii) B — Zax; (iti) —10/x*; (iv) —3x7*/2, 
2. (i) 10x —2 — 4/x*; (ii) — 3 + 84; (iii) 1 — 1/2. 
3. (i) — 13; (ii) —1. 
4. (i) (1 — 4x)/2V1 + x — 227; (ii) 9(2ax + b) (ax? + bx + c)%5 (iti) 16x(1 — 2x7). 
5. (i) (2x + 3) (2x® — 3x7 + 2x — 4) + (6x? — 6x + 2) (x? + 3x — 9); 
(ii) (347 — 6x — 4)/(3x? + 4)? | 
. 4x — 4 
Ope se Gs a a es 
y 3y y y Ve 2 
2x + 3y © 
3a + 4y) 
7. (i) asin (6 — ax); (ii) 4 cos 4x; (iti) — 4x* sin x*; (iv) — 4 sin x cos® x. 
8. (i) asin x (a cos x + 5) 8/2; (ii) Y cos (Yr); (iti) 2x(x? cos x? + sin x”). 


ee ax oot 
(vii) — ——-; (vil) — 
by 


EXERCISE 30.— Page 125. 


1. (i) No; (ii) page 27; (iii) no; no; (iv) positive; (v) negative. 

2. (i) (1, 2) max., (3, —2) min.; (ii) (1, 5), horizontal inflection; (iii) (—1, —2) max., (1, 2) min 
4. (i) (a) x >4, (b) e< 4; i) (aA) eC — 3,4 > 4; (b) 3 rch. 

5. 3x7 + 4 > 0 for all values of x. 

6. 36; x =1;*> 1. 


EXERCISE 31.— Page 131. 


1. 2. 2. 6x — 4. 3. — dx*/2, 4. 2(x + 2)-° 5, 2x-*. 6. —sin x. 
7. 2 sin’x — 2 cos*x. 8. 2x7(15x? — 20x + 6). 9. §x-°/s, 10. — 18(1 — 18x? + 45x‘). 
11. (i) (0, 0), point of horizontal inflection; (11) (0, 0), minimum. 
12. Negative; maximum. 13. Above, since d*y/dx* is positive. 14. Above, since d*y/dx* is positive. 
15. (i) Concave down; (ii) concave down; (iii) concave down; (iv) neither. 


16. (i) (a) x > 1, (b) x < 1; (ii) (a) x > 0, (b) x < 0; (ili) (2) x << — % (6) te > — %. 


17. Min. atx = %. 18. Min. atx = — 5/6. 19. If @ pos., min. at x = —5/2a; max. if a neg. 
20. If @ pos., min. at x = —b/2a; max. if a neg. 21. Max. at x = —1; min. at y = 2. 
22. Max. atx = 1 — V6; min. atx = 1 + V6. 23. Min. at x = — 3; max. atx = %. 


24. Min. at x = 4(1 — VW17); max. atx = 4(1 + VI17). 25. Max. atx = — 2. 


31. 
32. 
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. Min. at x = 5. 27. Min. at r = 10/VW/n. 29. 2a. 
. Page 128. In particular, (i) min. at (1, —1); (ii) point of horizontal inflection at (0, 0); 


(iii) max. at (—44, 3367), min. at (0, 0). 
f(x) is stationary at (0, 0) and (%, 47); /’(x) is max. at (4%, 347). 
(a) G) x <0,*%>4; Gi)xr =0,x = 4; GO e <4; 
(b) (i) x > 2; (ii) x = 23 (iti) x <2. 
x < 2, curve is concave upwards, min. at (0, 0); 
x > 2, curve is concave downwards, max. at (4, 32); point of inflection at x = 2. 


33. —n*sin nx. | 38. -Max., 4; min., — 4. 39. 4. 
EXERCISE 32. — Page 137. 
1. 216cm*. 8. 27m. | 13. \/3/18 m?. 
2. 33344 cm*. 9. 54 m?. | 14. 4am. 
3. 3/3 cm. 10. 1000/\/7 cm’*. 18. (i) —18; (ii) 44; (iii) —30%. 
4. /3cm. AL. 1508/s7 cm’. 19. (i) (—1, 9); (ii). (4, 8); Gii) (0, a). 
5. 2. 12. 3cm. 
20. (i) 8, —8; (ii) 9, —23; = (iti) 29, —79; — (iv) 100, —400/27; = (v) 54, -—-36. 
21. 313; no. 
EXERCISE 33.— Page 155. 
1. .14; x < 14; x > 14; min. 3. Positive; positive. 4. (i) Increasing; (ii) decreasing. 
5. (a) Point of horizontal inflection at (3, —4); (b) Turning point (max.) at (3, —4) 
6. (i) Concave up, y inc.; (ii) concave down, y inc.; (iii) concave up, y dec.; (iv) concave down, y dec, 
7 
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. (a) Concave up; (b) concave down. 49. p=—0, q = —3, max.; p = 2, q = 1, max. 


SECTION 7.— REVISION — Page 157. 


(1 — V5, —12 + 10/5), max.; (1 + V5, —12 — 10V5), min. 
Min, at x = —5/a, when a < 0 and when a > 0. 


~ S = 2arx* + 4000/x; x = 10/W/ ah = 20/WYr. 


121; —135. 


. f(*) is stationary at (—2/3, 233/27), at (1, 4); f(x) is minimum at (1/6, 341/54). 


EXERCISE 34.— Page 163. 


x* + C. 6. x7/2 + C. ll. 3x*/4 + C.. 16. ¢ + 32/2 + C. 
x* + C. 7. x°/3 + °C. 12. x°/20 + C. 17. 422 — 2°/3 + C. 
x® + C, 8. x*/4 + C. 13. 52 -- C. 18. at + C. 

x+C. 9. x5/5 + C. 14, 5277/2 + 7# + °C. 

C. 10. 5x°/3 +- C. 15. 102 — 27/2 + C. 


» (i) 29/2; (ii) 4x°/3; (iii) 3x5/53 (iv) 7x°/63 (v) 2x°/3; (vi) —a7*; (vii) #°/24; (viii) £°/24; 


(ix) y°/5; (x) x7 +1/(n + 1). 


~ x? — 529/2 + 7x + Cz 32. x°/9 — x°/8 + 10x + C. 43. Wx? — x7 + C. 
22. x*/6 + x7/2 + C. 33. « +. 44, x*® — lor? — 2x +. C. 
23. 10x — 3x7/2—2x* +C. 34 —x7+4+C. 45. Ix? + x7 + C. 
24. x — x°/3 + C. 35. —1/(2x?) + C. 46. (9x5/s8)/5 + C. 
25. 29/3 — x? + 4x + C. 36. 2x°/2 + C, 47. 2\/x + C. 
26. 5x — 2*/2 + C. 87. 2V/z + C. 48. 14* — Ye? +. 
27. ax®/3 + bx?/2 + cx + D. 38. —1/3x° +, 49. 4% + 7° +C. 
28. x'®/13 + C. 39. —3/x + C. 50. (2x5/2)/5 +- C. 
29, 3224/11 + C. 40. (15x*/s)/4 +.C. 51. —4*/3 + 7 +, 
30. 31+. 41. (4/2*)/3 + C. 52. a a a ~1+C 
31. 


C. 42, (3x?/s)/2 + C. 53. Wx* + 16x? +4 x + C. 


~ #474 — x® + (3x7)/2 — x + C. 
. 162 + 5. 

» (i) x*/4 — x? + 3; 
~ + Se + 4; 10. 
~ (i) 29/6 + (4x°/2)/3 — 10x + 5%; 
~y Yet — WP? +21. 

~ y mm Vat — Yr? + 6x + «12. 
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56. 52 ++ 32/2. 
57. ut +--+ Yaz. 
Oe ae ae ee ee 


EXERCISE 35.— Page 169. 


(ili) ax® +- bx? — 26 


(ii) x4/12 ++ x?/2 — x — 5. 
63. y = (2x°/2)/3 + 2x1/2 — 11/3. 


1. 2e7? +x +. 11. —2 cosx + C. 21. y = (4x — 7)*/44 + C. 
2«+Vr4+C. 12. —cos x + sin x + C. 22. y = (5x + 3)°/45 + C. 
3. x7 -- sin x + C. 18. —4 cocx—3sinx +C. 23. y = —(1 — 3x)°/15. 
4. 2x? + C. 14. x? — cos x + C. 24. y = (ax + 5)*/4a + hk. 
5. 8e& + C. 15. Vex* + sin x + C. 25. y = —% cos 2x + C. 
6. x? — x7 +C 16. sin 6 + cos 6 + C. 26. 14 sin 3x + C. 
7 xi +C. 17. %o? —2 cos 9 + C. 27. —cos (x -+ 7/4) + C. 
8. sinx + C. 18. sin ¢ + 2 cost + C. 28. —2 cos 46 + C. 
9. —2 cos x + C. 19. ve + C. 29. sin (@ — a) + C. 
10. 4 sin x + C. 20. —4 cos x + C. 30. 2 sin Hr + C. 
31. cos x + C. 37. x = 2 sin 32. 
a 38. s = a(l — cos mt)/7. 
32. — —— cos nt “tb C. 39. y = x® + 4x? — 3x — 18. 
33. 2 sin Yr + C. 40. (2x° — x)*/4 + C. 
34. —14 cos 2x + \ sin 4x + C. 41, —cos (x* + x) + C. 
35. x? + 14 cos 2x + C. 42. x cos x; x sin x + cosx + C. 
(2x +1)¢ +7 43. —x cos x + sin x + C. 
36. Sse tee ee 44, x* sin x + 2x cos x — 2 sin x + C. 
46. (i) % sin’x + C; (ii) —% cos’x + C. 


1. 26. 2. 51. 3. 8 4 105.5. 6 6. 1% 7. 4. 8. 52%. 9. 114; —Ag (below x-axis). 
EXERCISE 37.— Page 180. 
1. 54%. 8. 24%. 15. 4%. 22. 9; 27; 18. 
2. 21%. 9. 2; 2; 4. 16. 18; 2434, 23. 514. 
3. 444. 10. 1; 2; 4. 17. 144; 6%. 26. w/2 — 1 
4. 36; 1%. 11. 7?/2. 18. 236. 27. /2 — 1 
5. 10%. 12. &%. 19. 205%. 28. 2/2. 
6. Gi) %,%; (ii) Ho, 2%. 13. a®/6. 20. (32\/2)/3. 29. 756. 
7. 21%, 14. 12. 21. 21%. 
EXERCISE 38. — Page 189. 

1. 8 7. —84. 13. 14. 

2. 9 8. 20. 14, —4. 

3. 63% 9. 54 15. 12. 

4. 6. 10. 0 16. —12¥Vo. 

5. 94. 11. —54 17, —5%o. 

6. —33 12. 44. 18. 203. 

19. —10. 20. 4(6° — a®) + 4(6? — a’) + (6 — 22). 

21. k8/3 — 3k?/2 + 2k. 22. 1: 23. 2. 24. 0. 25. 4. 

26. 0. 27. 0. 28. 2. 29. %. 30. 27145. 

31. (i) ax*/3 + bx?/2 + ox +C; (iv) (ae + b)*/3a + C; (vi) —cos x + C; / 


EXERCISE 36.— Page 175. 


(ii) sin x + C; (v) V2x + C; 


(iii) —1/x -- C; 


(vii) x°/2 — 1/x + C., 


1. 


2. 


i heen. - 
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- SECTION 8. — REVISION — Page 189. 
(i) y = 2x7 + C; (ii) y = x*/2 — x + CC; (ili) y = 4x°/3 — 2x? +24 + C; 
(iv) y= x+C; (vy) y=C; (vi) y= —e*+C; (vil) y = 2Ve + C; 
(viii) y = —cosx + C; (ix) y = sin 2x + C, 
(i) 2x°/3 — 7x7/2 + 4x 4- C; (ii) (2x —5)®/12 + C3; = (iii) —(1 — 3x)5/15 + C; 
(iv) 2x5/2/5 +- C; (v) —Bx-2? +; (vi) (x? + :7)5/5 + C3 ~~ (vii) — cos x + C; 


(viii) sin x - C; (ix) — 4 cos 3x + C; (x) 4 sin 4x + C; 


(xi) — = cos(ax + 6) + C; = (xii) — 2 cos (4x) + C. 


9. Ty = 3x — VY? + Mert + 2. 9. 4; \%, 
3038. 8. y = 3%(1 + x)8/s + HR 10. 2. 
4h. 


. (i)xt/4 + C; (ii) x — x°/3 + C; (iti) x -+ x7/2 + #°/3 + C. 
~ (i) 1; (ii) 64. 


GENERAL REVISION 2. — Page 191. 


l. 6x — 4; 3x? 5. 6934, max.; —16, min, 8. 100. 9 x= 6,h = 6. 
2. 2—6x;14. 6. (—1%, —142%y7) min., (3, 36) max. 10. (i) —6; (ii) —1; (iii) 27. 
11. 54x + 27y — 253 = 0; 2x + y—14=0. 12. 9,72, 13. 3. 14, —%; 2. 

15. —1/x?; 1/2\/x; (iii) —4x78/2. | 


17. 


. (i) 24x"*(3x — 2) (3x — 4)"; Gi) —6/(1 — 2x)7’; (ii) (1 — 3x)/V1 + 2x — 3x°; 


: 2 + 3x 
(iv) —2(1 — 2x) (v) giana oie a cos (ax -+- 5); 

(vii) —2x? sin (2x -+- 3) -+ 2x cos (2x + 3); (viii) —4x sin 2x”. 

(i) 2 cos 2x; (ii) (Zax ++ 5) cos (ax? + bx + C); (iii) 2 sin x cos x; (iv) 2x cos (x*); 


cos x 


v) 2V/sin x 


~x+2y—2—0. 19. 9cm X 44cm X 6cm. 
20. 


(i) 2x®/3 — 3x?/2 + 44 + C3 (ii) x + x?/2 — 2x°/3 + C3) (iii) —(1 — x)°/5 + C; 


n+i1 
(iv) —% cos 2x +C; (v) a ce Ds + C; (vi) oe sin (ax + 5) + C. 
a n-+ 1 a 


21. (i) 4x5/5 + °C; (ii) x — x°/3 + C3 (iii) 3x + x? + 3x*/4 + C3 (iv) x® — x? + 2% + C; 
(v) (1 + x)*°/8 + C. 

2A. 3154. 25. 1744; 14/3V/2. 26. 72. 27. 10%. 

28. x sin x + cos x + C. | 

30. k(1 — 729)/(1 — rs ROL — 2/01 — 2); kr — ?)/0 — *). 


31. —% ; 4, 


8 


LG) eld Fees GN Pa ee Oa a ee ee ee 
. (i) 1; Gi) 6% 


"o-oo... 6o6:.. 00 Vg > oso © A > SN * > oe =] wo was Jn - oo 7 99 "Ve oon” Sat ww. = - ‘ 
© 90°00 °0,0°6,0°0,0°0,0°0,0°0,0°0,9 0,0 5,0 0,0 0,9 0,0°¢ o°o,0° 0, 
OG O04 0 0 °°? o 2°? 628 26 09 5 P92 5 PF 6 O98 4 of 4 90 0 2° 2% 5 ee 0 88% OF 4 90 
7 - ~~ < . 
o- i °° eae ot 8 eo Te °° <iah Sere ee PS ore 
on 8% © OP 6 09 54°09 5 98°F 5 sae Oo 4 0° 0 2% 6 9% 5 99% Go oo oi Pt GeO 
0% (0° 0,0 050 0,0 0,0 0, ec pg agg lige tae gO Oe Og OO 2 Se 
06 , 00 5 00 4 00 4 00 4 00 4 00 0 22 5 29 09 5 99 4 09 4 090 4 00 owe) = oes 
OS 0. OO OO Gr, Ot OOO OOO Oe On ae o,° o,° °4° Pk Bie Oe Ps Oo Oo 58 ae ee we °° 
50 ° 00 7% of oo 2 00 8 oo 8 oo § 00 § 00 § 00 | 00 8 00 8 00 § 00 § 00 f 00 G OO 5 0% 5 09 G 00 5 00 5 00 5 00 4 90 
0°0,0°0,0°%0 50 0, 0 S78 a 22. ee PS 95° %,° °,° °,°0 O40 9,0 0,0 0,040 5° 9,0 O70 o4°0 O70. 05 
00 4 O° 4 OO 9 OF 5.006 Oe ee, ae ome) 0.29 6 98 64 09% 5 89% 4 OF 5 9% G4 99 5 00 oe 6 20g OO 4 OC. . 0:0 @.%° 5 
r b ° 


00 4 00 
0-0 0 
° ° 


* 00 oo Oo 8 

° ateedi 
6 o°o eo." 6 o°o.0 ° o°o GO OF 6-2506- 
2 60 2 hee 


ISBN 085568 427 5 


° 
° ° ° 

©.0°0,0°0,.0°0,0°0,60 0,0 .0,0-0,0 

Gee oS we 06 0-0-0 O66 0 60 2 06° oo 5 Oe 5 O86 O° 3 00 

o_o 0°02 0°90 _0%0 0°%0 0” o 


rg nes oO. Gis eee eee ee 0,0°0,0°0,0°0,0°0,0°0,0°0 0° 0,0°0,0° 0,0 o°%o pl tier! 5 Os 


200200200 2 00 8 00 2 00 8 00 8 00 J 00 § 00 § 00 8 00 § 009 00 § OO § 00 5 00 § 00 § Oo § 00 5 00 § 09 § 00 5 00 
ee ee Oe OM Or OO OOO Fee CeO Cage oP 09,9 9,50 O49 949 RE 10e OO OG siO:2 Oi OOO CO ei Or 
0 800 S00 200 800 860 9 oo 8 00 8 00 8 00 8 00 § 00 § 00 § 00 § 00 § 00 § 00 § 00 5 00 § 00 § 00 5 00 5 O90 00 4 
65:00 Oo 0-0 050 0,07 0,0 00:0 50.000 050 oO OL 0 00 O00: OO OO 08 O88 OO 050-0, 0! 05 0: 


oo 


° 
o °° 


